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ABSTRACT
In this review articel we study the gaugings of extended supergravity theo-
ries in various space-time dimensions. These theories describe the low-energy
limit of non-trivial string compactifications. For each theory under considera-
tion we review all possible gaugings that are compatible with supersymmetry.
They are parameterized by the so-called embedding tensor which is a group
theoretical object that has to satisfy certain representation constraints. This
embedding tensor determines all couplings in the gauged theory that are nec-
essary to preserve gauge invariance and supersymmetry. The concept of the
embedding tensor and the general structure of the gauged supergravities are
explained in detail. The methods are then applied to the half-maximal (N = 4)
supergravities in d = 4 and d = 5 and to the maximal supergravities in d = 2
and d = 7. Examples of particular gaugings are given. Whenever possible, the
higher-dimensional origin of these theories is identified and it is shown how
the compactification parameters like fluxes and torsion are contained in the
embedding tensor.
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Chapter 1
Introduction
1.1 String Theory and Supergravity
One of the great challenges of modern physics is the unification of general relativ-
ity and quantum field theory. On the one hand, the large scale structure of the
universe is governed by gravitational interactions which are accurately described by
Einstein’s general relativity. On the other hand, quantum field theory is used to
explain the fundamental interactions at small distances. In particular the so-called
standard model of particle physics gives a description of the strong and electroweak
interactions of all known elementary particles which has successfully passed many
precision tests in collider experiments. However, this separation into large scale and
small scale domains is not universally applicable. The early universe and black holes
are examples of situations where a quantum theory of gravity is needed. The situ-
ation is also unsatisfactory from a theoretical perspective since the basic concepts
of general relativity (coordinate independence) and quantum theory (uncertainty
relation) seem incompatible. That is why standard approaches to a quantum theory
of gravity are hampered by divergences which prevent the theory from being pre-
dictive. To avoid these problems a new theoretical framework is necessary and one
of the few possible candidates is string theory [1, 2, 3].
In string theory the fundamental object is no longer a point particle but a
one-dimensional string which can move and vibrate in some target space, e.g. in
Minkowski space. Elementary particles are identified as resonance modes of the
string, most of which have excitation energies far above the energy scale one can
presently probe in experiments. There is a fundamental constant of string theory
that governs the scale of these massive string excitations. This constant can be
expressed as a string tension (string energy per unit length), as a string length or
directly as a mass, in which case it is typically of the order of the Planck mass.
String theory has two main appealing features: Firstly, one of the massless string
excitations is a spin 2 particle that can be identified with the graviton, i.e. with
the exchange particle of the gravitational force that is necessary in every quantum
1
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theory of gravity. Secondly, the theory can be formulated as a conformal field theory
on the two-dimensional world-sheet which is swept out by the string while traversing
the target space. For some examples of target spaces these conformal field theories
are well understood quantum field theories. In this sense string theory provides a
consistent framework of quantum gravity. However, the theory is even more ambi-
tious, because in principle it aims to predict the complete particle spectrum and all
interactions of nature, i.e. to provide a “theory of everything”.
There are different formulations of string theory which are related by duality
transformations. All these formulations need a ten-dimensional target space in order
to be consistent quantum theories1. Since our observed world is four-dimensional
one needs to assume that six of these dimensions are compactified, i.e. are rolled up
to such a small size that they are practically unobservable. The number of consistent
compactification schemes and thus of resulting four-dimensional effective theories is
very large. At present, there is no criterion to single out one of these schemes as the
one that is realized in nature.
String theory on arbitrary curved target spaces is far from being fully understood.
For many applications, however, one can restrict to the low-energy limit of string
theory which is supergravity. As mentioned above string theory is formulated as a
conformal field theory on the two-dimensional world-sheet. In contrast, supergravity
is a field theory on the target space. Each massless string mode corresponds to a field
in the supergravity, in particular the graviton corresponds to the metric. Therefore,
supergravity includes general relativity.
A crucial ingredient for string theory and supergravity is supersymmetry. Purely
bosonic string theory suffers from various inconsistencies that are resolved in super-
symmetric string theories. This symmetry relates bosons and fermions of a theory.
Its presence leads to various cancellations in quantum corrections. Originally, su-
persymmetry was introduced as a global symmetry in field theory [4, 5]. When it
is turned into a local symmetry, supergravity is obtained. The gauge field of local
supersymmetry is the gravitino. It carries spin 3/2 and is the super-partner of the
graviton, i.e. of the space-time metric. This approach to supergravity via the gauging
of supersymmetry was found independently of string theory [6, 7, 8, 9] and the rela-
tion between these theories was only realized afterwards [10, 11]. Also independently
of string theory and supergravity the concept of supersymmetry is very important.
One can, for example, cure some problems of the standard model (large radiative
corrections to the Higgs boson mass, hierarchy problem) within a supersymmetric
extension of the standard model, and it is hoped to discover supersymmetry at the
next generation of particle colliders (LHC and ILC). This discovery would be im-
portant from a string theory point of view because it would justify supersymmetry
as one of its basic assumptions.
Supergravity theories exist in all space-time dimensions d ≤ 11 and can have
1We are only considering supersymmetric string theories here and we neglect the subtlety that
heterotic strings partially “live” in 26 space-time dimensions.
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different numbers of supersymmetry generators (for a review see e.g. [12, 13, 14]
and references therein). Having several of these generators means to have more
independent supersymmetry transformations and more gravitini. One then speaks
of extended supergravity. The maximal number of real supercharges is Q = 32,
independent of the dimension d. The present article is devoted to the study of
maximal (Q = 32) and half-maximal (Q = 16) supergravities and of their possible
gaugings, as will be explained in the next section. Our analysis takes place at the
level of classical field theory. The motivation for our considerations is always the
string theory origin of these theories, and it is string theory that should provide the
correct quantum description.
1.2 Gauged supergravity theories
String theory compactifications from D = 10 down to d < 10 dimensions generi-
cally yield at low energies gauged supergravity theories. For example, the isometry
group of the internal (D − d)-dimensional manifold usually shows up within the
gauge group of the effective d-dimensional theory. An ungauged effective theory is
obtained from compactifications of IIA or IIB string theory if the internal manifold
is locally flat, e.g. the ungauged maximal supergravities are obtained from torus
reductions. Since we consider extended supergravities with a large number of su-
percharges, these ungauged supergravities are unique as soon as the field content
is specified2. Gaugings are the only known deformations of these theories that pre-
serve supersymmetry3. Therefore, any more complicated compactification scheme
that preserves a large number of supercharges (Q ≥ 16) must yield a gauging of
the respective ungauged theory. This fact is our motivation to construct all possi-
ble gaugings that are compatible with supersymmetry. As soon as this is achieved
the compactification parameters such as fluxes (i.e. background values for the field
strengths of the D = 10 tensor gauge fields), torsion, number of branes, etc. must be
contained in the parameters of the general gauging. These more general compacti-
fication schemes are of great interest because for example fluxes may give vacuum
expectation values to some of the numerous massless fields (“moduli”) that gener-
ically result from string theory compactifications. In the ground state one may in
particular find supersymmetry breaking, a cosmological constant and masses for the
scalar fields (for a review we refer to [17]). These are requirements for a phenomeno-
logically viable effective theory.
Gauging a theory means to turn a global symmetry into a local one. In other
words, the symmetry parameters which were previously constant are allowed to have
a space-time dependence in the gauged theory. As mentioned above supergravity
2 For the maximal supergravities in d < 10 there is only one ungauged theory. The half-maximal
supergravities are specified by the number of vector multiplets.
3 The only known exceptions are the massive IIA supergravity [15] and a massive deformation
of the six-dimensional half-maximal supergravity [16], see our comments in section 2.3.
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itself can be obtained by gauging global supersymmetry, but we are now considering
the gauging of ordinary bosonic symmetries. In order to preserve gauge invariance
one needs to minimally couple vector fields Aµ to the symmetry generators, i.e. to
replace partial derivatives by covariant derivatives, schematically
∂µ → Dµ = ∂µ + Aµ . (1.1)
In addition to this replacement we will find various other couplings to be necessary
in the gauged theory in order to preserve gauge invariance and supersymmetry. For
extended supergravities the original global symmetry group is rather large and there
are various choices of subgroups that can consistently be gauged. Gauge groups that
result from flux compactifications of string theory are usually non-semi-simple, but
rather have the form of semi-direct products of various Abelian and non-Abelian
factors.
In this work we study N = 4 (half-maximal) supergravities in four dimensions,
whose structure is fixed by the extended supersymmetry as soon as the number of
vector multiplets is specified. String compactifications of phenomenological rele-
vance are mostly those that yield N = 2 supersymmetry in d = 4, which is then
spontaneously broken down to N = 1 and eventually to N = 0. For the N = 4
theories supersymmetry can be spontaneously broken as well and the theories can
also be truncated to theories with less supersymmetry. For example certain inter-
esting N = 1 Ka¨hler potentials can be computed from the N = 4 scalar potential
[18, 19, 20, 21]. In addition to these four-dimensional theories we study gaugings
of extended (maximal and half-maximal) supergravities in various other space-time
dimensions. These theories still have a string theory origin but are obviously less
relevant from a phenomenological point of view.
Nevertheless, there are good reasons to consider these extended supergravities.
Many aspects of string compactifications are not yet fully understood and it is often
useful to consider models that are more simple and more concise due to the rigid
structure of extended supergravity. For example non-geometric string compactifi-
cations can be better understood in such a restricted context [22, 23, 24]. Also
the mathematical structure of these theories is interesting on its own. Maximal
supersymmetry completely determines the global symmetry group of the ungauged
theory and exotic groups like the exceptional Lie groups En (and in d = 2 the infinite
dimensional affine Lie group E9) appear. These global symmetry groups not only
organize the structure of the ungauged supergravity but also govern the possible
gaugings. Lie groups and their representation theory are therefore the most im-
portant mathematical tools in this article. In supergravities with less supercharges,
group theory is still important, but much more differential geometry is necessary, for
example in the description of the scalar manifolds. Nevertheless, the general lessons
we learn from the extended supergravity theories (e.g. the form of the topological
couplings, the possibility to derive duality equations from the Lagrangian, etc.) can
also be applied to theories with less supersymmetry, see for example [25] for the
d = 3 case.
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A very different motivation to study maximal extended supergravities comes
from the fact that string theory on particular target spaces is believed to be dual to
particular ordinary quantum field theories. The prime example of this holographic
principle is the AdS/CFT correspondence that relates IIB string theory on an Anti-
de Sitter background with four dimensional N = 4 super-Yang-Mills theory4 [26, 27].
From a supergravity perspective the fluctuations around the AdS5 × S5 background
are described by to the SO(6) gauged maximal supergravity in d = 5, which is
obtained by a sphere reduction from ten dimensions and has a stable AdS ground
state [28]. Although the supergravity limit only accounts for a small subset of string
states, it can be a very fruitful first approach to test the duality conjecture. There
are also more string backgrounds for which a holographic dual is conjectured, all of
which correspond to gaugings of extended supergravities.
1.3 Outline of the paper
We wish to construct the most general gaugings of extended supergravity theories
such that supersymmetry is preserved. To clarify the starting point of our construc-
tion we first introduce the ungauged maximal and half-maximal supergravities in
the next chapter. These theories are obtained from torus reductions of eleven- and
ten-dimensional supergravity. The general method of gauging these theories is then
presented in chapter 3. The gaugings are parameterized by an embedding tensor,
which is a tensor under the respective global symmetry group and subject to certain
group theoretical constraints. The method of the embedding tensor was first worked
out for the three-dimensional maximal supergravities [29, 30] and subsequently ap-
plied to extended supergravities in different dimensions [25, 31, 32, 33]. We give a
general account of this method and explain the tasks and problems that have to be
solved in its application. In particular, we describe the generic form of the general
gauged Lagrangian.
The remaining chapters then demonstrate the implementation of this method to
particular extended supergravities. The gaugings of four-dimensional half-maximal
(N = 4) supergravities are discussed in chapter 4. Since in d = 4 vector fields can be
dualized to vector fields there are subtleties in the description of the general gauging.
Already in the ungauged theory a symplectic frame needs to be chosen in order to
give a Lagrangian formulation of the theory. The global symmetry group is therefore
only realized onshell. These problems can be resolved. By using group theoretical
methods we give a unified description of all known gaugings, in particular of those
originating from flux compactifications. Also various new gaugings are found and
we give the scalar potential and the Killing spinor equations for all of them, thus
laying the cornerstone for a future analysis of these theories. Closely related to
our elaboration of these d = 4 theories is the presentation of the gauged d = 5
4 We always denote by N the number of supersymmetries, which is often referred to as N .
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half-maximal supergravities in chapter 5. We explicitly give the embedding of all
five-dimensional gaugings into the four-dimensional ones, which corresponds to a
torus reduction from d = 5 to d = 4.
Chapter 6 is devoted to the study of maximal supergravity in d = 7. In this case
two-forms are dual to three-forms and the gauged theory combines all of them in
a tower of tensor gauge fields that transform under an intricate set of non-Abelian
gauge transformations. In this way we can present the general gauged theory and
its supersymmetry rules. We then discuss particular gaugings, for example we find
the SO(5), CSO(4, 1) and SO(4) gaugings that originate from (warped) sphere re-
ductions from D = 11, IIA and IIB supergravity, respectively. In particular, the
SO(4) gauging had not been worked out previously and gives rise to an important
setup for holography.
Finally, in chapter 7 we apply the methods to study gaugings of d = 2 maximal
supergravity. The global symmetry group in d = 2 is the affine Lie group E9(9)
which in contrast to higher dimensions is infinite dimensional. This results in various
technical and conceptual difficulties that have to be resolved in the description of
these gaugings. The parameters of the general gauging organize into one single
tensor that transforms in the unique infinite dimensional level one representation
of E9(9). In terms of this tensor the bosonic Lagrangian of the general gauging is
given (except for the scalar potential) and it is shown how the gaugings of the higher
dimensional maximal supergravities are incorporated in this tensor. We also find the
SO(9) gauging that originates from a warped sphere reduction of IIA supergravity.
Some of the results presented here were already published previously [34, 35].
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Chapter 2
Supergravity theories from
dimensional reduction
In this chapter we explain how the maximal and half-maximal supergravities in
dimension d are obtained from the unique D = 11 supergravity and the minimal
D = 10 supergravity via dimensional reduction on a torus T q, q = D − d. For
simplicity we only consider bosonic fields and we focus our attention on how the
respective global symmetry groups G0 of the lower dimensional theories emerge.
There is a vast literature dealing with the issues that are discussed in this chapter,
and we do not try to give a comprehensive reference list here. Overview articles
for the supergravity theories are for example [36, 13, 14] and for the dimensional
reduction of gravity and supergravity we refer to [37, 38, 39, 40].
2.1 Torus reduction of pure gravity
Let us first consider Einstein gravity on a D dimensional manifoldMD with coordi-
nates xµˆ, µˆ = 0 . . .D− 1. The metric gµˆνˆ has Lorentzian signature (−,+,+, . . . ,+)
and its dynamic is described by the Einstein-Hilbert action
SEH =
∫
dDxLEH , LEH =
√−g (R(D) + LM) , (2.1)
where g = det(gµˆνˆ), R
(D) is the curvature scalar of gµˆνˆ and LM describes additional
matter, i.e. in the case of pure gravity we have LM = 0. The equations of motion
are the Einstein equations
Rµˆνˆ − 1
2
Rgµˆνˆ ≡ Gµˆνˆ = T µˆνˆ ≡ 1√−g
δ(
√−gLM)
δgµˆνˆ
, (2.2)
where Rµˆνˆ , Gµˆνˆ and Tµˆνˆ are the Ricci, Einstein and energy-momentum tensor, re-
spectively, and as usual indices are raised and lowered using the metric gµˆνˆ and the
inverse metric gµˆνˆ .
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We want to dimensionally reduce this theory on a torus down to d = D−q space-
time dimensions, i.e. we demand theD-dimensional manifoldMD to locally have the
formMD =Md × T q, with Md being a d dimensional space-time manifold and T q
being the q-dimensional torus. We introduce coordinates xµ onMd, µ = 0 . . . d− 1,
and coordinates ya on T q, a = 1 . . . q, such that the metric on MD can be written
as1
ds2 = gµˆνˆ dx
µˆ dxνˆ
= g˜µν dx
µ dxν + ρ2/q Mab (dy
a + Aaµdx
µ) (dyb + Abνdx
ν) (2.3)
where g˜µν , A
a
µ, ρ andMab depend on x
µ but not on ya. The metric onMd is g˜µν and
the Aaµ are the n Kaluza-Klein vector fields. The metric on T
q has been split into the
dilaton ρ and the unimodular matrix Mab (i.e. detM = 1). From a d-dimensional
perspective these are q(q + 1)/2 scalar fields.
Plugging the Ansatz (2.3) into the Einstein-Hilbert action (2.1) yields the effec-
tive d-dimensional action
Seff =
∫
ddxLeff
Leff = eρR(d) − 14 eρ1+2/q MabAaµνAbµν − 14 eρ tr(M−1∂µMM−1∂µM)
+
q − 1
q
e ρ−1 (∂µρ)(∂µρ) + eρLM , (2.4)
where e =
√− det g˜µν and Aaµν = 2∂[µAaν] are the Abelian field strengths of the
vector fields. In order to find the usual Einstein-Hilbert term in the effective action
one can perform a Weyl-rescaling of the metric, namely g˜µν 7→ gµν = ραg˜µν with
α = −2/(d − 2). Note that with a slight abuse of notation we now denote by gµν
the lower dimensional metric. The Weyl-rescaled effective Lagrangian reads
Leff = eR(d) − 14eρ[2/n+2/(d−2)]MabAaµνAbµν − 14etr(M−1∂µMM−1∂µM)
+
(
n− 1
n
− d− 1
d− 2
)
e(ρ−1∂µρ)(ρ−1∂µρ) + eρ−d/(d−2)LM . (2.5)
In addition to the Einstein-Hilbert term we thus have kinetic terms for the Abelian
vector fields and for the scalars. We did not immediately incorporate the Weyl-
rescaling into the Ansatz (2.3) since in chapter 7 we will deal with d = 2, in which
case a Weyl-rescaling is not possible. We will then use the form (2.4) of the effective
action.
1 In more geometric terms we only consider solutions to (2.2) that possess q Killing vector fields
ξµˆa , a = 1 . . . q, which shall be linearly independent at every point x ∈ MD. In addition we demand
the ξµˆa to be mutually commuting. As a consequence the manifold MD is a principal bundle with
structure group U(1)q and base manifoldMd and is therefore locally of the formMD =Md×T q.
One can then locally introduce coordinates (xµ, ya) such that the Killing vector fields are given
by ξµˆa = ∂x
µˆ/∂ya, see e.g. [37]. Note that the Lie derivative in the direction ξµˆa is then simply the
partial derivative wrt ya.
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Let us now consider the symmetries of the effective actions (2.4) and (2.5). From
the freedom of choosing arbitrary coordinate systems on MD there remains on
the one hand the freedom to choose arbitrary coordinates on the space-time Md.
On the other hand for the internal manifold the only coordinate changes that are
compatible with the torus Ansatz are arbitrary changes of the origin and global
linear transformations of the internal coordinates, i.e.
ya 7→ λ2/q (yb + Lb(x))Λba , (2.6)
where λ ∈ R is a constant rescaling factor, Λ is a constant SL(q) matrix, and L ∈ Rn
are x-dependent coordinate shifts. La(x) describes the U(1)q gauge symmetries of
the vector fields, i.e. Aaµ 7→ Aaµ + ∂µLa. λ and Λ act on the d-dimensional fields as
Aaµ 7→ AbµΛba , M 7→ ΛMΛT , ρ 7→ λρ . (2.7)
These are global GL(q) = R+ × SL(q) transformations. The vector fields transform
in the vector representation of SL(q) while the scalars form an SL(q)/SO(q) coset.
To make this coset structure more transparent it is convenient to introduce group
valued representatives V ∈ SL(q) via
M = VVT . (2.8)
For given M(x) the last equation only specifies V(x) up to arbitrary local SO(q)
transformations from the right. The global SL(q) transformations act linearly on V
from the left, i.e. V transforms as
V 7→ ΛV h(x) , Λ ∈ SL(q) , h(x) ∈ SO(q) . (2.9)
The relation (2.8) between V andM is completely analogous to the relation between
the vielbein and the space-time metric. This is not merely accidental: considering
the reduction Ansatz (2.3) for the vielbein and not for the metric, one finds V to
be a component of the D-dimensional vielbein and the local SO(q) symmetry then
descends from the local Lorentz symmetry of the flat vielbein indices.
In order to express the kinetic term in the Lagrangian in terms of V one intro-
duces the scalar currents
Pµ +Qµ = V−1∂µV , P Tµ = Pµ , QTµ = −QTµ . (2.10)
Note that Qµ is so(q) valued, i.e. it takes values in the compact part of sl(q), while
Pµ takes values in the non-compact directions of sl(q). Using these currents the
kinetic term for M can be written as
Lkin = −14 e tr(M−1∂µMM−1∂µM) = −e tr(PµP µ) . (2.11)
To summarize, we found that dimensional reduction of pure gravity on a torus T q
yields a d-dimensional theory which describes gravity coupled to q Kaluza-Klein
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vector Aaµ, one dilaton ρ and scalars V that parameterize an SL(q)/SO(q) coset.
The global symmetry group is GL(q) = R+ × SL(q).
We now consider the particular case of d = 3. The Kaluza-Klein vector fields Aaµ
can then be dualized into scalars Aa via the duality equation
ρ2+2/q MabA
bµν = ǫµνρ∂ρAa , (2.12)
where we use the covariant epsilon tensor, i.e. ǫ012 = e−1. The integrability condition
for (2.12) is given by the vector fields equation of motion
∂µ(eρ
1+2/q MabA
bµν) = 0 . (2.13)
Note that (2.12) defines the scalars Aa up to global shifts Aa 7→ Aa + κa. When
formulating the theory without vector fields, i.e. entirely in terms of the metric
and scalars, these shift symmetries κa become global symmetries, i.e. one expects
GL(q) ⋉ Rq as global symmetry group. But a miraculous symmetry enhancement
takes place and the complete global symmetry group turns out to be G0 = SL(q+1).
Figure 2.1 shows the branching of the Lie algebra of SL(q + 1) under GL(q) =
R
+ × SL(q). For the resulting representations the dimensions are given as bold
numbers and the subscripts denote the charges under R+. The expected symmetry
generators are 10 (the generator of R
+), sl(q)0 and q1 (the generators of the shift-
symmetries κa). The symmetry enhancement yields the additional generators q−1,
i.e. precisely those generators dual to the shift symmetries (in the supergravity
discussion we will find this to be a universal feature).
q
−1
s
10 sl(q)0
q1
Figure 2.1: Decomposition of sl(q+1) under R+× SL(q). The subscripts denote the R+
charges which establish the vertical grading. At level 0 one finds the algebra of R+×SL(q)
while level 1 and −1 contain an SL(q) vector and a dual vector, respectively.
We now want to make the SL(q+1) symmetry explicit. The scalars ρ, Aa and V
form an SL(q + 1)/SO(q + 1) coset, the appropriate coset representative is defined
as follows
V˜ =
(
ρ−1 0
ρ−1Aa ρ1/qV
)
. (2.14)
Using the scalar current P˜µ of V˜, defined analogously to (2.10), the effective action
takes the following compact form
Leff,d=3 = eR(3) − e tr(P˜µP˜ µ) + eρ−3LM . (2.15)
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The resulting equations of motion for Aa are the integrability equations needed to
reintroduce the vector fields Aaµ via the duality equation (2.12), and by virtue of
these duality equations all other equations of motion become equivalent to those
derived from the previous Lagrangian (2.5).
The SL(q+1) acts on V˜ from the left, analogous to (2.9), the according SL(q+1)
matrices read
Λ˜(Λ, λ) =
(
λ−1/q 0
0 λ1/qΛ
)
, Λ˜(κ) =
(
0 0
κa 0
)
, Λ˜(τ) =
(
0 τa
0 0
)
. (2.16)
The transformations λ and Λ from (2.7) correspond to Λ˜(Λ, λ), the shift symmetries
κ act via Λ˜(κ), and the symmetry enhancement is described by the additional SL(q+
1) elements Λ˜(τ). Left action with Λ˜(τ) on the coset representative V˜ destroys the
block-form (2.14), and an appropriate SO(q + 1) action is necessary to restore this
form. Therefore these new symmetry generators act highly nonlinear on the fields
ρ, Aa and V.
The pure gravity case we were just discussing already shows many universal
features that we will re-encounter in the following sections. In particular it is char-
acteristic for maximal and half-maximal supergravities that the scalars arrange in
the coset G0/H , where G0 is the global symmetry group and H is its maximal com-
pact subgroup. The formulation in terms of the coset representative V and the scalar
currents Pµ and Qµ is used throughout the whole article. Also the emergence of an
enhanced symmetry group of the lower dimensional theory after appropriate dualiza-
tion of gauge fields is a characteristic that will reappear in the following supergravity
discussion. In the pure gravity case only vector gauge fields appear in the lower-
dimensional theory, but for the supergravities also higher rank p-form gauge fields
are present and can be dualized. Symmetry enhancement always takes place when
the higher dimensional p-form fields give rise to scalar fields in the lower-dimensional
theory. We will make this explicit in the following section.
2.2 Maximal supergravities from torus reductions
The unique supergravity theory inD = 11 space-time dimensions contains as bosonic
degrees of freedom the metric and a three-from gauge field Cµˆνˆρˆ with field strength
Gµˆνˆρˆλˆ = 4∂[µˆCνˆρˆλˆ] and gauge symmetry δCµˆνˆρˆ = 3∂[µˆΛνˆρˆ]. The bosonic part of the
Lagrangian reads [41]
LD=11 =
√−g
(
R− 1
12
GµˆνˆρˆλˆG
µˆνˆρˆλˆ + 2
722
ǫµˆνˆρˆλˆσˆτˆ κˆτˆ χˆθˆξˆGµˆνˆρˆλˆGσˆτˆ κˆτˆ Cχˆθˆξˆ
)
. (2.17)
We dimensional reduce this theory on a torus T q down to d = 11 − q dimensions,
i.e. we make the Ansatz (2.3) for the metric and demand Cµˆνˆρˆ to be constant along
11
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the torus coordinates ya, i.e.2
∂
∂ya
Cµˆνˆρˆ = 0 (2.18)
In d dimensions the three-form then yields q(q−1)(q−2)/6 scalars χ[abc], q(q−1)/2
vector gauge fields B
(1)
µ[ab], q two-form gauge fields B
(2)
µνa and one three-form gauge
field B
(3)
µνρ. The appropriate reduction Ansatz reads3
χabc = Cabc , B
(1)
µab = πµ
µˆCµˆab ,
B(2)µνa = πµ
µˆ πν
νˆ Cµˆνˆa , B
(3)
µνρ = πµ
µˆ πν
νˆ πρ
ρˆCµˆνˆρˆ , (2.19)
where
πµ
µˆ = gµν
∂xν
∂xνˆ
gνˆµˆ . (2.20)
If we identify xµˆ = (xµ, ya) we have ∂xν/∂xνˆ = δµµˆ and thus find
B
(1)
µab = Cµab −AcµCabc ,
B(2)µνa = Cµνa − 2Ab[µCν]ab + AbµAcνCabc ,
B(3)µνρ = Cµνρ − 3Aa[µCνρ]a + 3Aa[µAbνCρ]ab − AaµAbνAcρCabc . (2.21)
The appearance of the Kaluza-Klein vector field Aaµ ensures that the forms B
(p)
do not transform under the gauge (coordinate) transformations La(x) that were
introduced in (2.6). The forms B(p) and the scalars χabc transform under the torus
SL(q) according to their index structure and are also charged under torus rescalings
λ under which also ρ transform according to (2.7). The field strengths of the forms
B(p) are defined by4
F
(2)
µνab = 2∂[µB
(1)
ν]ab ,
F (3)µνρa = 3∂[µB
(2)
νρ]a + 3A
b
[µνB
(1)
ρ]ab ,
F
(4)
µνρλ = 4∂[µB
(3)
νρλ] + 6A
a
[µνB
(2)
ρλ]a . (2.22)
The appropriate gauge transformations of the forms B(p) that leave these field
strengths invariant descend from those gauge transformations Λµˆνˆ of the D = 11
2 The possibility to demand only the field strength to be constant along the internal coordinates
means to allow for a flux of the gauge field along the internal manifold. These background fluxes
yield gauged effective theories in d dimensions.
3 Under the projection π : P →M only vectors but not forms can be pushed forward.
4 This definition of the field strengths is motivated by dimensional reduction of the field strength
G
µˆνˆρˆλˆ
. Analogously to (2.21) one has for example F
(4)
µνρλ = Gµνρλ + 4A
a
[µGνρλ]a + . . .. However,
for F
(2)
µνab this would yield the natural definition 2∂[µB
(1)
ν]ab + A
c
µνχabc which we do not use since
otherwise scalar fields would appear in the definition of a field strengths.
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three-form that do not depend on the internal coordinates. But also a linear de-
pendence of Λµˆνˆ on the coordinates y
a can be consistent with the Ansatz (2.18), as
long as it does not depend on the space-time coordinates xµ. Of these additional
symmetries we are interested in the particular case Λab = κabc y
c, where κabc has to
be constant. These three-from gauge transformations yield a global shift symmetry
of the scalars χabc, but also act on the forms B
(p) as follows
δχabc = κabc , δB
(1)
µab = −κabcAcµ ,
δB
(2)
µνb = A
b
µA
c
νκabc , δB
(3)
µνρ = −AaµAbνAcρκabc . (2.23)
This is a global symmetry of the effective d-dimensional theory whose Lagrangian
reads
Leff = eR + L(3)kin + L(2)kin + L(1)kin + L(0)kin + eρ−d/(d−2)LFFA , (2.24)
where we have kinetic terms for the gauge fields and scalars
L(3)kin = − 112eρ−1+6/(d−2)F (4)µνρλF (4)µνρλ ,
L(2)kin = −13eρ−1+4/(d−2)+2/qMabF (3)µνρaF (3)µνρb ,
L(1)kin = −14eρ18/(d−2)/q
(
Mab + 2ρ
(2−q)/q)M ceMdfχcdaχefb
)
AaµνA
bµν
− eρ−1+2/(d−2)+4/qMacM bdχabeAeµνF (2)µνcd
− 1
2
eρ−1+2/(d−2)+4/qMacM bdF (2)µνabF
(2)µν
cd ,
L(0)kin = −14etr(M−1∂µMM−1∂µM)− 9(d−2)qe(ρ−1∂µρ)(ρ−1∂µρ)
− 1
3
eρ−1+6/qMadM beM cf(∂µχabc)(∂µχdef ) , (2.25)
and LFFA is a topological term that descends from the topological GGC-term in
D = 11. The form of this term and also the further analysis depends on the
particular dimensions d of the effective theory. In particular, the p-form gauge
fields B(p) with field strengths F (p+1) can be dualized into (d − p − 2)-form gauge
fields B˜(d−p−2) with field strengths F˜ (d−p−1). The corresponding duality equation
schematically reads
F˜ (d−p−1) = ρxM ∗ (F (p+1) + contributions from LFFA) , (2.26)
where the asterisk denotes Hodge dualization and ρxM indicates that some appro-
priate combination of scalars is needed such that F (d−p−1) transforms dual to F (p+1)
under GL(q). The duality equation is always such that the integrability equation
is given by the equation of motion of the p-form. A Lagrange formulation of the
theory can then be given that contains B˜(d−p−2) instead of B(p). The “standard”
formulation of the d-dimensional supergravity is obtained if those p-forms are dual-
ized for which d− p− 2 < p, i.e. the rank of the gauge fields is minimized. In even
dimensions there are p-form fields with d − p− 2 = p. Thus there is some freedom
13
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Figure 2.2: Global sym-
metry in d = 8: decompo-
sition of sl(2)⊕ sl(3) under
R
+ × SL(3).
4
−1
s
10 sl(4)0
4+1
Figure 2.3: Global sym-
metry in d = 7: decompo-
sition of sl(5) under R+ ×
SL(4).
10
−1
s
10 sl(5)0
10+1
Figure 2.4: Global sym-
metry in d = 6: decom-
position of so(5, 5) under
R
+ × SL(5).
which of these p-form fields appear in the Lagrangian. For d = 4 this is the freedom
of choosing a symplectic frame for the vector gauge fields (p = 1).
We are particularly interested in the global onshell symmetry group of the effec-
tive theory. From the torus reduction one expects an R+ × SL(q) symmetry group,
where the R+ factor corresponds to torus rescalings λ. For d ≤ 8 the scalars χabc
appear together with their shift symmetries (2.23). Since the χabc are charged under
torus rescalings λ their shift-symmetries κabc are as well, i.e. the action of κaba does
not commute with the action of λ. In figures 2.2 to 2.4 the symmetry generators for
3 ≤ d ≤ 6 are depicted graphically. Again, the subscript at each generator denotes
its charge under torus rescalings and the vertical grading of the generators corre-
sponds to these charges. The generators of the torus transformations are uncharged
under λ and denoted by sl(q)0, the generator of the torus rescalings itself is denoted
10, and charge +1 is assigned to the shift symmetries κabc, thus they are denoted
1+1, 4+1 etc. — the number in bold letters indicates their representation under
SL(q).
Similar to the above pure gravity case in d = 3 the symmetry group becomes
miraculously enhanced. For each shift symmetry generator there also exists the dual
generator with negative charge under λ and in the dual representation of SL(q). The
global symmetry group G0 of maximal supergravity turns out to be SL(2)× SL(3)
for d = 8, SL(5) for d = 7 and SO(5, 5) for d = 6. To prove this one would have to
show that the kinetic term of the scalars in (2.24) describes the sigma model of the
scalar cosets G0/H and that also the p-form gauge fields arrange in representations
of G0 (after dualization) such that the field equations are G0-invariant. In even
dimensions there is the subtlety of self-duality, e.g. in d = 8 the three-form B(3)
forms an SL(2) doublet together with its dual three-form, thus the whole global
symmetry G0 is not realized at the level of the Lagrangian but only at the level of
the field equations.
For d ≤ 5 additional scalars appear since according to (2.26) the forms B(d−2)
can be dualized into scalars. As in the pure gravity case in d = 3 these dual scalars
also come equipped with a shift symmetry. In figures 2.5 to 2.7 the generators of
14
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Figure 2.5: Global sym-
metry in d = 5: decompo-
sition of e(6) under R+ ×
SL(6).
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Figure 2.6: Global sym-
metry in d = 4: decompo-
sition of e(7) under R+ ×
SL(7).
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Figure 2.7: Global sym-
metry in d = 3: decompo-
sition of e(8) under R+ ×
SL(8).
these shift symmetries are denoted by 12, 72 and 282. As before we also have the
shift symmetries κabc, denoted by 20+1, 30+1 and 56+1 in the figures. For d = 3
also the Kaluza-Klein vector fields can be dualized into scalars according to (2.12).
Again, symmetry enhancement takes place, i.e. for each shift symmetry generator
also the dual symmetry generator appears. This gives rise to the global symmetry
group G0 = E6(6) in d = 5, G0 = E7(7) in d = 4, and G0 = E8(8) in d = 3.
For the case of d = 2 we already mentioned that a Weyl-rescaling is not possible
and thus the Lagrangian (2.24) is not the appropriate starting point for the analysis.
Nevertheless, the above discussion of the field content is still applicable. From
the three-form one only gets the scalars χabc. The vectors and two-forms can be
consistently set to zero due to their field equations. The shift symmetries of the
scalars are denoted 84+1 in figure 2.8, and again the corresponding dual symmetries
84−1 arise due to symmetry enhancement. However, in d = 2 scalars can be dualized
to scalars and these new scalars can again be dualized, etc. This yields an infinite
tower of new scalars and thus of new shift symmetries. Accordingly, as depicted
in figure 2.8, an infinite symmetry enhancement takes place. The global symmetry
group is G0 = E9(9) which is the affine extension of E8(8) [42]. Thus, in contrast
to higher dimensions the on-shell symmetry group is infinite-dimensional in d = 2.
The symmetry algebra is an affine Lie algebra.
To understand why the affine extension of the d = 3 symmetry group appears
here we briefly consider the reduction of the d = 3 maximal supergravity on a
torus T 1 (i.e. on a circle). This reduction yields the E8(8)/SL(16) coset of scalars in
d = 2. Onshell the dual scalars can be introduced, which transform in the adjoint
representation 248 of E8(8); these can be dualized again to find another 248 scalars,
etc. This gives an infinite stack of dual scalars and shift symmetries. Symmetry
15
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Figure 2.8: d = 2, decomposition of e(9)
under SL(9).
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Figure 2.9: d = 2, decomposition of e(9)
under R+ × E8(8).
enhancement yields also the dual symmetry generators, as shown in figure 2.9. From
this figure it is quite intuitive that the loop group of E8(8) appears as symmetry group
in d = 2. The loop group also becomes centrally extended to the affine extension
E9(9) of E8(8). Note that in figure 2.9 the charges that are indicated as subscripts
correspond to the (d = 3 → d = 2) torus rescalings λ. These torus rescalings
correspond to the generator L0 of the Virasoro algebra associated to E9(9). In chapter
7 we will come back to the d = 2 theories and also give the E9(9) symmetry action
explicitly. We will then also relate figures 2.8 and 2.9 by explaining the appropriate
embedding of the torus GL(9) into E9(9).
In table 2.1 we summarize the symmetry groups G0, the scalar cosets G0/H
and the representations of the p-form gauge fields for the maximal supergravities
in 2 ≤ d ≤ 8. The global symmetry group in dimensions 2 ≤ d ≤ 8 turns out to
be Eq(q), where q = 11 − d is the dimension of the internal torus5. The Dynkin
diagrams of the corresponding Lie algebras are depicted in figure 2.10. Note that
the standard notation for what we call E3, E4 and E5 would be A1 × A2, A4 and
D5, but it is obviously very convenient to depart from this in the present context.
All maximal supergravities that are obtained from D = 11 supergravity are non-
chiral, i.e. there is an equal number of left- and right-handed supercharges in their
supersymmetry algebra. However, this distinction between left- and right-handed
spinors only exists in d = 10, d = 6 and d = 2. In all other dimensions there are no
Weyl-spinors and the maximal supergravities are unique, but also in d = 6 and d = 2
5We use the common notation in denoting by Eq the complex Lie group (with rank q) and by
Eq(q) the particular real form. The number in brackets indicates the difference between the number
of compact and the number of non-compact generators of the real Lie algebra. Eq(q) is that real
form with the maximal number of non-compact generators.
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d G0 H p = 1 p = 2 p = 3 p = 4 p = 5
8 SL(2)× SL(3) SO(2)× SO(3) (2, 3) (1, 3) (2, 1) (1, 3) (2, 3)
7 SL(5) SO(5) 10 5 5 10 24
6 SO(5, 5) SO(5)× SO(5) 16s 10 16c 45 —
5 E6(6) USp(8) 27 27 78 — —
4 E7(7) SU(8) 56 133 — — —
3 E8(8) SO(16) 248 — — — —
2 E9(9) K(E9) — — — — —
Table 2.1: For the maximal supergravities in d dimensions the symmetry group G0, its
maximal compact subgroup H and the representations of the p-form gauge fields (p ≤ 5)
are listed. For d = 8 one also has a 6-form that transforms as (3,1) ⊕ (1,8). We also
listed those p-forms (in d = 2 scalars) that can be introduced onshell via dualization, i.e.
not all of the above fields carry independent degrees of freedoms.
✉ ✉
d ≤ 8
✉
✉
d ≤ 7
✉
d ≤ 6
✉
d ≤ 5
✉
d ≤ 4
✉
d ≤ 3
✉
d ≤ 2
Figure 2.10: Dynkin diagram of E11−d. For d = 8 only the three knots on the left are
present. For every decrease in dimension one additional knot occurs, i.e. the rank increases
by one. Eventually, for d = 2 one has 9 knots and the above Dynkin diagram describes
an affine Lie algebra.
only the non-chiral supergravities are of interest here, since for example in d = 6
the chiral theories do not contain the metric in their spectrum [43, 44]. However,
in ten dimensions the chiral IIB supergravity is as important as the non-chiral IIA
supergravity; each describes the low-energy limit of the corresponding string theory.
The bosonic Lagrangian of the IIA theory is given by (2.24) for d = 10, the
global symmetry group is only the R+ that corresponds to the circle rescalings.
Note that in this case B
(1)
µab = 0 and χabc = 0, thus the bosonic field content consists
of the dilaton ρ, one Kaluza-Klein vector Aaµ, one two-form B
(2)
µνa (a = 1) and one
three-from B
(3)
µνρ — of course, the corresponding dual forms can also be introduced
onshell. In contrast, the IIB supergravity possesses a global SL(2) symmetry and
its bosonic field content consists of two scalars (the dilaton and the axion) that
form an SL(2)/SO(2) coset, two two-form gauge fields that form a doublet under
SL(2) and one self-dual four-form gauge field. We do not need the field equations
of IIB supergravity here, but we want to mention that there is no complete Lorentz
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invariant Lagrange formulation of the theory since the self-duality condition of the
four-form gauge fields always needs to be imposed as an extra constraint.
The existence of IIB supergravity and its SL(2) symmetry help to explain the
symmetry enhancement of the maximal lower dimensional supergravities, because
all these theories can also be obtained from torus reduction of IIB supergravity. For
d = 9 the symmetry group of the maximal supergravity isG0 = R
+×SL(2) and there
is no symmetry enhancements, yet. Reduction from D = 11 explains G0 as the sym-
metry group of the internal torus T 2, and reduction from IIB supergravity explains
it as the product of the ten-dimensional SL(2) symmetry and the R+ (rescaling)
symmetry of the internal circle. But for d = 8 one expects an Ga = R
+ × SL(3)
symmetry from T 3 reduction of D = 11, and an Gb = R
+×SL(2)×SL(2) symmetry
from T 2 reduction of IIB. Neither Ga is a subgroup of Gb nor vice versa, but they
are both contained in the complete global symmetry group G0 = SL(2)×SL(3) and
a careful analysis shows that Ga and Gb even generate this group. The analysis for
dimensions d ≤ 7 is analogous.
So the miracle of symmetry enhancement is explained by the miracle of having
different higher-dimensional ancestors for the same effective theory. From a string
theory perspective this is the miracle of T -duality (T refers to torus) which states
that IIA and IIB string theory are identical when compactified on a torus T q, i.e.
when the target manifold is of the form Md × T q. Being identical means that they
are just two different formulations of the same theory, and this statements holds
beyond the effective lower-dimensional supergravity, i.e. also for the whole tower of
massive string states. However, when the whole string theory is considered it turns
out that the symmetry group is no longer the real Lie group E11−d(11−d), but only
its discrete subgroup E11−d(11−d)(Z), which is referred to as U -duality groups in a
string theory context6. One should keep in mind the duality origin of these global
symmetry groups, although here we will not pursue the string theory roots further.
2.3 Half-maximal supergravities
We now want to depict the ungauged half-maximal supergravities, i.e. those with
Q = 16 real supercharges in their supersymmetry algebra. Again we restrict the
discussion to the non-chiral supergravities, thus avoiding subtleties in d = 6 and
d = 2 dimensions. Concerning the field content of half-maximal supergravity one
does not have much freedom since the bosonic and fermionic states have to arrange
in multiplets of the supersymmetry algebra. For the maximal Q = 32 theories there
is only one possible multiplet, the Q = 32 gravity multiplet. For the half-maximal
6 Note that the T -duality group O(10−d, 10−d,Z) is a subgroup of E11−d(11−d)(Z). U -duality
combines T -duality with the S-duality of IIB supergravity. From a low-energy perspective this S-
duality is just the SL(2) symmetry of IIB supergravity, which in string theory again is discretized
to SL(2,Z).
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theories there are two types of multiplets: the Q = 16 gravity and the Q = 16 vector
multiplet. One gravity multiplet is always needed since it contains the metric, but
in addition there is the freedom of adding m ∈ N vector multiplets.
The supersymmetry structure is still very rigid for Q = 16. For the ungauged
theory there is only one way to consistently couple the vector multiplets to the
gravity multiplet, i.e. the ungauged theory is completely determined when one spec-
ifies the dimension d and the number m of vector multiplets. In dimensions d 6= 6
gaugings are the only known deformations of these half-maximal supergravities that
are compatible with supersymmetry. For d = 6 one has the additional freedom to
couple the vector fields to the two-form gauge field of the gravitational multiplet via
Stu¨ckelberg type couplings [16]. We will introduce these type of couplings also for
the gauged theories in all dimensions d ≥ 4, but the difference in d = 6 is that it can
be switched on in addition to the gauging or without a gauging. This is analogous
to IIA maximal supergravity in d = 10, where also a massive deformation exists
which is not a gauging [15].
The Q = 16 supergravities in d dimensions can be obtained from torus reductions
of Q = 16 (i.e. N = 1) supergravity in ten dimensions. The Q = 16, d = 10 gravity
multiplet contains as bosonic fields the metric, a scalar φ called the dilaton and
an antisymmetric two-form gauge field Bµν . We label the vector multiplets by
i = 1, . . . , m. Each vector multiplet contains only one vector gauge field Aiµ as
bosonic degrees of freedom. The bosonic Lagrangian in the Einstein frame reads
[45, 46, 47]
LD=10 =
√−g (R − 9
8
(φ−1∂µφ)(φ−1∂µφ)− 32φ−4GµνρGµνρ − 12φ−2F iµνF i µν
)
, (2.27)
where F iµν = 2∂[µAiν] and Gµνρ = 3∂[µBνρ] − Ai[µF iνρ] are the Abelian field strengths
of the vector-and two-form gauge fields. This Lagrangian is invariant under SO(m)
rotations on the vector fields Aiµ and under rescaling φ 7→ ϕφ, Bµν 7→ ϕ2Bµν and
Aiµ 7→ ϕAiµ, where ϕ ∈ R+. Thus the global symmetry group is G0 = R+× SO(m).
On can deform the theory by gauging a subgroup of G0, using the A
i
µ as gauge fields.
A particularly important example is the case m = 496 and a subgroup E8 × E8 or
SO(32) gauged. In these cases the appropriate deformation of the Lagrangian (2.27)
describes the low energy limit of type I and heterotic string theory. But we continue
to consider the ungauged theory further.
When compactifying to d = 10− q dimensions the two form Bµν yields one two-
form, q vector fields and q(q − 1)/2 scalars in the effective theory, while the vector
fields Aiµ yield m vector fields and m · q scalars. In total one thus obtains n = m+ q
vector fields from the gauge fields of D = 10. For d ≥ 4 this is also the number
of vector multiplets one encounters in d dimensions7. In other words, the Q = 16
gravity multiplet in d + 1 dimensions always decomposes into one gravity and one
vector multiplet in d dimensions. For d = 3 an additional “vector-multiplet” appears
7 A linear combination of the Kaluza-Klein vector fields from the metric and of the vector fields
from the two-form Bµν make up the vector fields in the d dimensional Q = 16 gravity multiplet.
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d G0 H p = 1 p = 2
8 R+ × SO(2, n) SO(2)× SO(n) (2 + n)+1/2 1+1
7 R+ × SO(3, n) SO(3)× SO(n) (3 + n)+1/2 1+1
6 R+ × SO(4, n) SO(4)× SO(n) (4 + n)+1/2 1+1 ⊕ 1−1
5 R+ × SO(5, n) SO(5)× SO(n) (5+ n)+1/2 ⊕ 1−1 (5+ n)−1/2 ⊕ 1+1
4 SL(2)× SO(6, n) SO(6)× SO(n) (2, 6+ n) adjG0
3 SO(8, n) SO(8)× SO(n) adjG0 —
Table 2.2: For the d dimensional half-maximal supergravities coupled to n vector multi-
plets the symmetry group G0, its maximal compact subgroup H and the representations
of the vector and two-form gauge fields are listed. The subscripts at the representations
denote the R+ charges. The (d − 2 − p)-forms always transform dual to the p-forms and
the p = d − 2 forms always transform in the adjoint representation of G0. Note the re-
spective dual forms can only be introduced onshell and only those fields that appear in
the ungauged Lagrangian carry degrees of freedom.
since the dilaton from the metric can be dualized into a vector field and we then
have n = m+ q + 1.
The analysis of the symmetry group G0 of the effective theory is analogous
to the discussion in the last section, i.e. whenever a new scalar field appears it
comes equipped with a shift symmetry and there is a symmetry enhancement by
the generators dual to these shift symmetries. This yields the global symmetry group
G0 = R
+ × SO(q, n) for 5 ≤ d ≤ 9. In d = 4 also the two-form can be dualized
to a scalar and the symmetry group becomes enlarged to G0 = SL(2) × SL(q, n).
Similarly, for d = 3 the vector fields yield scalars via dualization such that the
global symmetry group becomes G0 = SO(8, n), and for d = 2 the affine extension
of the three-dimensional symmetry group is obtained. As in the maximal case it
turns out that the scalars always form a scalar coset G0/H . The respective maximal
subgroups H and the remaining bosonic fields are summarized in table 2.2. Note
that one obtains only n ≥ q (respectively n ≥ q + 1 for d = 3) from torus reduction
of D = 10, but there are d-dimensional theories for all numbers of vector multiplets
n ∈ N.
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Chapter 3
The general structure of gauged
supergravity theories
In this chapter we start with some supersymmetric theory with global symmetry
group G0 and ask for the possible gaugings of this theory that are compatible with
supersymmetry, i.e. we demand the deformations of the theory not to break super-
symmetry. Although the answer to this question needs a case by case study, there
exists a general technique to parameterize the deformations via an embedding ten-
sor Θ, which is a tensor under the global symmetry group G0 and has to satisfy
certain group theoretical constraints. Every single gauging breaks the global sym-
metry G0 down to a local gauge group G ⊂ G0, but the set of all possible gaugings
can be described in a G0 covariant way by using Θ. This embedding tensor and the
constraints it has to satisfy are introduced in the following section for an arbitrary
theory, and as far as possible we try to keep this generality in the remainder of this
chapter. However, eventually we always specialize to the maximal and half-maximal
supergravities that were introduced in the last chapter.
3.1 The embedding tensor
We start from an ungauged supersymmetric theory with global symmetry group
G0. The symmetry generators of the corresponding algebra g0 are denotes tα, α =
1, . . . , dim(g0). They obey
[tα, tβ] = fαβ
γ tγ , (3.1)
where fαβ
γ are the structure constants of G0. Gauging the theory means to turn
part of this global symmetry into a local one. In order to preserve gauge invariance
one needs to introduce minimal couplings of vector gauge fields, i.e. one replaces
derivatives ∂µ by covariant derivatives Dµ. The theory to start with contains vector
fields AMµ that transform in some representation V (indicated by the index M)
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of the global symmetry group G0. These vector fields are U(1) gauge fields, i.e.
they do not only transform under g0-transformations L
α, but also under local gauge
transformations ΛM(x):
δLA
M
µ = −Lα tαNM ANµ , δΛAMµ = ∂µΛM . (3.2)
In the covariant derivative of the gauged theory these vector fields AMµ need to be
coupled to the G0 symmetry generators tα, i.e. [29]
Dµ = ∂µ − g AMµ ΘMα tα , (3.3)
where ΘM
α is the so-called embedding tensor and g ∈ R is the gauge coupling
constant, which could also be absorbed into ΘM
α. The embedding tensor ΘM
α
has to be real and appears in (3.3) as a map Θ : V → g0. The image of this map
defines the gauge group G and the possible gauge transformations are parameterized
by ΛM(x). For example, a field BM in the dual representation V of the vector gauge
fields transforms under G as
δBM = g Λ
N ΘN
α tαM
P BP = g Λ
N XNM
P BP . (3.4)
Here we introduced the gauge group generators XM = ΘM
αtα, which in the vector
field representation XMN
P = ΘM
α tαN
P take the role of generalized structure con-
stants for the gauge group G. Note that XMN
P contains the whole information on
Θ if the vector field representation is faithful. The embedding tensor is not invariant
under the global symmetry group G0, but to ensure the closure of the gauge group
and the gauge covariance of the following construction we demand Θ to be invariant
under gauge transformations δ = ΛMδM , i.e.
δMΘN
α = gΘM
β
(
tβN
P ΘP
α − fβγαΘNγ
)
= 0 . (3.5)
Equivalently one can demand the generators XMN
P to be gauge invariant, and the
equation δMXNP
Q = 0 can be written as
[XM , XN ] = −XMNP XP . (3.6)
This equation guarantees the closure of the gauge group and is the generalized Jacobi
identity when evaluated in the vector field representation. Note that the generators
XMN
P are generically not antisymmetric in the first two indices, and equation (3.6)
only demands this antisymmetry under projection with XP , that is with ΘM
α. The
two equivalent relations (3.5) and (3.6) represent a quadratic constraint on Θ. The
embedding tensor has to satisfy this constraint in order to describe a valid gauging.
In addition to this quadratic constraint a linear constraint on Θ is needed as well.
Eventually, it is supersymmetry which demands this linear constraint, but we will
see in section 3.2 that already the gauge invariance of the vector and tensor gauge
field system yield at least parts of this linear constraint. The embedding tensor
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transforms in the representation V ⊗ g0 = θ1 ⊕ θ2 ⊕ . . .⊕ θn, where θi, i = 1, . . . , n,
are the irreducible components of the tensor product. The linear constraint needs to
be G0 invariant. Thus, each irreducible component θi is either completely forbidden
by the linear constraint or not restricted at all1, i.e. there is a subset S ⊂ {1, . . . , n}
such that the linear constraint reads
θi = 0 for all i ∈ S . (3.7)
This equation can be written as a projector equation P1Θ = 0, where P1 projects
onto those representation in Θ that are forbidden. Similarly, the quadratic con-
straint can be written as P2(Θ ⊗ Θ) = 0, where P2 projects on the appropriate
representation in the symmetric tensor product of V ⊗ g0. One could also imagine
higher order constraints like P3(Θ ⊗ Θ ⊗ Θ) = 0, but it turns out that the linear
and quadratic constraint are sufficient for the construction of the gauged theories.
For the maximal and half-maximal supergravities the global symmetry group G0
and the representation V of the vector fields were given in tables 2.1 and 2.2. For
the known cases we collected the linear constraint in tables 3.1 and 3.2. For the
maximal theories a similar table was given in [48, 49]. For the odd dimensions, i.e.
d = 3, d = 5 and d = 7, the maximal gauged theories were worked out explicitly
[30, 33, 34], but via torus reduction one can infer the linear constraint for the even
dimensions d ≥ 4 as well — in appendix A this is explained in detail. By applying
the methods of [50] one can also describe explicitly the general gaugings of maximal
d = 4 supergravity [32]. The maximal theories for d = 8 and d = 6 were not yet
worked out completely2. The maximal d = 2 theory will be considered in chapter 7.
For the half-maximal theories we refer to [31, 25, 35] and to chapters 4 and 5.
It should be mentioned that table 3.1 and 3.2 reflect our present knowledge of
the methods that can be used to work out the general gauged theories. It is not
impossible that a weaker linear constraints might suffice, if new methods are applied
in the future. In this respect the linear constraint is less robust than the quadratic
one, which can immediately be traced back to gauge invariance and closure of the
gauge group.
We summarize this section. When describing the general gauging of a supersym-
metric theory, the embedding tensor Θ can be used to parameterize the gauging.
Any Θ that satisfies the appropriate linear constraint (3.7) and the quadratic con-
straint (3.5) describes a valid gauging and the construction of the gauged theory
1If two components θi and θj transform in the same G0 representation, a linear constraint of the
form θi = αθj , α ∈ R, is possible as well. But one can then form a linear combination θ′i = θi−αθj
such that the linear constraint is again of the form θ′i = 0. This happens, for example, for the
maximal d = 8 supergravities and for the half-maximal d = 5 supergravities, see table 3.1 and 3.2.
2 For the d = 8 theories there is a classification of the gaugings that does not use the embedding
tensor but the Bianchi classification of three-dimensional group manifolds [51]. In this classification
the possible gaugings are parameterized by a 3 and a 8 of SL(3), which are only a subset of the
complete embedding tensor. We would thus expect that there are more general gaugings of d = 8
maximal supergravity.
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d G0 g0 ⊗ V = allowed ⊕ forbidden
8 SL(2)× SL(3) g0 ⊗ (2, 3) = (2, 3)⊕ (2, 6) ⊕ (2, 3)⊕ (2, 15)⊕ (4, 3)
7 SL(5) 24⊗ 10 = 15⊕ 40 ⊕ 10⊕ 175
6 SO(5, 5) 45⊗ 16c = 144s ⊕ 16c ⊕ 560c
5 E6(6) 78⊗ 27 = 351 ⊕ 27⊕ 1728
4 E7(7) 133⊗ 56 = 912 ⊕ 56⊕ 6480
3 E8(8) 248⊗ 248 = 1⊕ 3875 ⊕ 248⊕ 27000⊕ 30380
2 E9(9) g0 ⊗ basic = basic ⊕ rest
Table 3.1: Decomposition of Θ for the d dimensional maximal supergravities. The linear
constraint only allows some of the irreducible components of Θ. For d = 8 we have
g0 = (3,1) ⊕ (1,8). For d = 2 the algebra is the affine extension of e8(8) and the vector
fields transform in the unique level one representation, called the basic representation —
see chapter 7.
only requires these constraints for consistency. When Θ is treated as a spurionic
object, i.e. it transforms under the global symmetry group G0, one does formally
preserve the G0 symmetry in the gauged theory. This reflects the fact that the set
of all possible gaugings is G0 invariant. But as soon as a particular gauging is con-
sidered, the embedding tensor that describes this gauging breaks the G0 invariance
down to the gauge group G ⊂ G0.
3.2 Non-Abelian vector and tensor gauge fields
In this section we mainly present the results of [52] on the general form of vec-
tor/tensor gauge transformations in arbitrary space-time dimensions, but translated
into a more convenient basis, see also the appendix of [34].
3.2.1 Gauge transformations and covariant field strengths
First, we want to introduce the gauge transformations and covariant field strengths
for the p-form gauge fields that appear in gauged supergravity theories. Explicitly
we will give all formulas for rank p ≤ 3, but in principle the construction can be
continued to arbitrary rank. It will turn out that always the (p+1)-forms are needed
to define a gauge invariant field strengths for the p-forms. In the next subsection
we will explain how to truncate this tower of gauge fields to a finite subset without
loosing gauge invariance.
In the ungauged theory we have (at least onshell) vector gauge fields AMµ , two-
form gauge fields Bµν I , three form-gauge fields S
A
µνρ, etc., and all these fields come
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d g0 ⊗ V = allowed ⊕ forbidden
5
(
10 ⊕ 0
)
⊗
(
11 ⊕ −1/2
)
= −1/2⊕
1
⊕
−1/2
⊕ 11⊕ −1/2⊕ −1/2
4
[
(3, ·)⊕ (1, )]⊗ (2, ) = (2, ) ⊕ (2, ) ⊕ (2, ) ⊕ . . .
3 ⊗ = 1 ⊕ ⊕ ⊕ ⊕ ⊕
Table 3.2: Decomposition of Θ for the d dimensional half-maximal supergravities. The
linear constraint only allows some of the irreducible components of Θ. For d = 5 the global
symmetry group G0 is R
+ × SO(5, n), and the R+ charges are given as subscripts. For
d = 4 and d = 3 we have G0 = SL(2) × SO(6, n) and G0 = SO(8, n), respectively, where
n is the number of vector multiplets. The Yang-tableaus always refer to the respective
SO-group.
in possibly different representation of the global symmetry group G0, indicated by
the indices M , I and A. The Abelian field strengths of these tensor gauge fields
take the form
F0,Mµν = 2 ∂[µAMν]
F0µνρ I = 3 ∂[µBνρ]I + 6 dIMN AM[µ ∂ν ANρ] ,
F0,Aµνρλ = 4 ∂[µ SAνρλ] − cAIM
(
12B[µν I ∂ρA
M
λ] + 8 dINP A
M
[µ A
N
ν ∂ρA
P
λ]
)
, (3.8)
where dIMN and c
AI
M are some appropriate G0-invariant tensors. To ensure invariance
under the Abelian gauge transformations these tensors have to satisfy
dI[MN ] = 0 , dI(MN c
AI
P ) = 0 . (3.9)
The existence of dIMN = dI(MN) means that the two-fold symmetric tensor product
of the representation of the vector-fields AMµ contains the representation of the two-
form fields Bµν I . Similarly, the existence of c
AI
M means that the representation of
SAµνρ is contained in the tensor product of the representations of A
M
µ and Bµν I . Using
table 2.1 one can easily check that these conditions are satisfied for the maximal su-
pergravities. The second equation in (3.9) also holds since the three-fold symmetric
tensor product of the vector field-representation never contains the representation
of SAµνρ.
We saw in chapter 2 that in dimensional reduction of D = 11 supergravity
additional terms A∂A, etc., appear naturally in the field strength of the higher rank
tensor fields. From a lower dimensional perspective these terms are very important
for anomaly cancellation, and therefore always present. Using the relations (3.9) one
can show that under arbitrary variations δAMµ , δBµν I and δS
A
µνρ the field strengths
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vary as
δF0,Mµν = 2 ∂[µ (∆AMν] ) ,
δF0µνρ I = 3 ∂[µ(∆Bνρ] I) + 6 dIMN F0,M[µν ∆ANρ] ,
δF0,Aµνρλ = 4 ∂[µ(∆SAµνρ])− 6 cAIM F0,M[µν ∆Bρλ] I + 4 cAIM F0[µνρ I ∆AMλ] , (3.10)
where we used the “covariant variations”
∆AMµ = δA
M
µ ,
∆Bµν I = δBµν I − 2dIMN AM[µ δANν] ,
∆SAµνρ = δS
A
µνρ − 3 cAIM B[µν I δAMρ] − 2 cAIM dINP AM[µ ANν δAPρ] . (3.11)
These covariant variations are very useful since they allow to express gauge trans-
formations and variations of gauge invariant objects in a manifestly covariant form,
i.e. without explicit appearance of gauge fields.
We now ask for the appropriate generalization of (3.8) in the gauged theory.
The gauge group generators XMN
P were already introduced in the last section, and
according to equation (3.6) they take the role of generalized structure constants.
Therefore, it would be natural to define the non-Abelian field strength of the vector
fields AMµ as
FMµν = 2 ∂[µAMν] + gXNPM AN[µAPν] , (3.12)
but under gauge transformations δAMµ = DµΛ
M one finds this field strength to
transform as
δFMµν = 2D[µδAMν] = 2D[µDν]ΛM = gFNµν XNPM ΛP
= −g ΛN XNPM FPµν + 2 gΛN X(NP )M FPµν (3.13)
where we used the Ricci identity [Dµ, Dν ] = −gFMµνXM , which is valid due to the
quadratic constraint, see also [33]. Here and in the following we use the covariant
derivative as defined in (3.3). In the second line of equation (3.13) the first term
alone would describe the correct covariant transformation of the field strength, but
there is an unwanted second term since the XNP
M are typically not antisymmetric
in the first two indices. Thus the field strengths FMµν does not transform covariantly
under gauge transformations.
This problem arises because the dimension of the gauge group G can be smaller
than the number of Abelian vector fields AMµ , and thus not all vector fields are
really needed as gauge fields. For any particular gauge group one could split the
vector fields into the gauge fields and the remainder and treat them differently in
the gauged theory. Those vector fields that are neither used as gauge fields for G
nor are sterile under G have to be absorbed into massive two-forms. But an explicit
split of the vector fields is not appropriate for our purposes since we search for a
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general formulation valid for all allowed embedding tensors. To solve this problem
one introduces a covariant field strength of the vector fields that contains Stu¨ckelberg
type couplings to the two-form gauge fields, i.e.
HMµν = 2 ∂[µAMν] + gXNPM AN[µAPν] + gZMIBµν I . (3.14)
The tensor ZMI should be such that the unwanted terms in (3.13) can be absorbed
into an appropriate gauge transformation of the two-form gauge fields. Explicitly,
δBµν I should contain a term (−2 dINP ΛN FPµν) and we need
X(MN)
P = dIMNZ
PI . (3.15)
This equation implicitly defines ZMI as a linear function of the embedding tensor,
but it is also a linear constraint on Θ itself, since X(MN)
P not necessarily has the
form (3.15). For example for the maximal supergravity in d = 7 this already yields
the complete linear constraint3. Note that the quadratic constraint (3.6) implies
X(MN)
P XP = 0 , thus Z
MIXM = 0 . (3.16)
Using this equation one can replace the field strength FMµν in the Ricci identity by
the covariant derivative, i.e. we have
[Dµ, Dν ] = −gHMµν XM . (3.17)
Continuing the analysis to higher rank gauge fields one finds that, analogous to
equation (3.15), one needs a Stu¨ckelberg type couplings to the three-forms in the
field strength of the two-forms, and so on. Without explaining the details of the
derivation we want to give the result. The tensor YIA that describes couplings to
three-form gauge fields in the covariant derivative of the two-from gauge fields is
given by
XMI
J + 2dIMN Z
NJ = cAJM YIA . (3.18)
Again, this equation not only defines YIA but also is a linear constraint on Θ. Note
that equation (3.18) expresses the embedding tensor in terms of ZNJ and YIA if the
representation of the two-form gauge fields is faithful. From (3.18) and (3.16) we
find the relations4
cAJM YKA Z
MI − 2dKMN ZMI ZNJ = 0 , ZMI YIA = 0 . (3.19)
3Probably the same is true for all other dimensions d ≥ 4, but we did not check this explicitly.
However, the inverse statement, i.e. that the linear constraint on Θ implies equation (3.15), can
easily be checked for 7 ≥ d ≥ 4. The point is that the G0-tensors X(MN)P and ZPI contain the
allowed representations both only once (or not at all for the 15 in d = 7) and dIMN is injective (as
a map from Z∗I to X(MN)∗), thus equation (3.15) only fixes the factor between these components
of X(MN)
P and ZPI .
4To derive the second of relation in (3.19) one starts from gauge invariance of ZMI , i.e. δMZ
MI =
0, and then applies (3.18) and (3.16).
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The covariant field strengths of respective gauge fields read
HMµν = 2 ∂[µAMν] + gXNPM AN[µAPν] + gZMIBµν I ,
Hµνν I = 3D[µBνρ] I + 6dIMN A[µM(∂νAρ]N + 13 g X[PQ]NAνPAρ]Q) + g YIA SAµνρ ,
HAµνρλ = 4D[µ SAνρλ] − cAIM
(
6B[µν I HMρλ] − 3gZMJB[µν IBρλ]J + 8 dINP AM[µ ANν ∂ρAPλ]
+ 2 dINP XPQ
RAM[µ A
N
ν A
P
ρ A
Q
λ]
)
+ four-form term.
(3.20)
The general variations of these field strengths read
δHMµν = 2D[µ (∆AMν] ) + g ZMI ∆Bµν I ,
δHµνρ I = 3D[µ(∆Bνρ] I) + 6 dIMN HM[µν ∆ANρ] + g YIA∆SAµνρ ,
δHAµνρλ = 4D[µ(∆SAνρλ])− 6 cAIM HM[µν ∆Bρλ] I + 4 cAIM H[µνρ I ∆AMλ]
+ four-form term , (3.21)
were we used the covariant variations defined in (3.11). In terms of these covariant
variations the gauge transformations are given by
∆AMµ = DµΛ
M − gZMIΣµ I ,
∆Bµν I = 2D[µΣν]I − 2dIMNΛMHNµν − gYIAΦAµν ,
∆SAµνρ = 3D[µΦ
A
νρ] + 3 c
AI
M HM[µν Σρ]I + cAIM ΛM Hµνρ I + four-form gauge param. ,
(3.22)
where ΛM(x), Σµ I(x) and Φ
A
µν(x) are the gauge parameters. Plugging these gauge
transformations into (3.21) one finds that the field strengths indeed transform co-
variantly, i.e. that
δHMµν = −g ΛN XNPM HPµν , δHµνρ I = g ΛM XMIJ Hµνρ I . (3.23)
For the field strength HAµνρλ of the three-forms we did not give the couplings to
the four-form gauge fields, but only with these couplings and with the appropriate
gauge transformations of the four-forms this field strength will transform covariantly.
Similarly, without four-form fields the gauge transformations (3.22) do not close on
SAµνρ, but only on A
m
µ and Bµν . The corresponding algebra reads
[δΛ1 , δΛ2 ] = δΛ˜ + δΞ˜ + δΦ˜
[δΞ1 , δΞ2 ] = δΦ , (3.24)
with
Λ˜M = gXNP
MΛN[1Λ
P
2] ,
Ξ˜µ I = dIMN
(
ΛM1 DµΛ
N
2 − ΛM2 DµΛN1
)
,
Φ˜Aµν = 2 c
AI
N dIMP HMµν ΛN[1 ΛP2] ,
ΦAµν = g c
A(I
M Z
|M |J) (Ξ1µ I Ξ2 ν J − Ξ2µ IΞ1 ν J) . (3.25)
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The quadratic constraint on Θ is crucial when checking these commutators. Finally,
we also give the modified Bianchi identities for the covariant field strengths
D[µHMνρ] = 13 g ZMI Hµνρ I ,
D[µHνρλ] I = 32 dIMN HM[µν HNρλ] + 14 g YIAHAµνρλ . (3.26)
It is very convenient to use these identities when checking (3.23) and (3.24).
3.2.2 Truncations of the tower of p-form gauge fields
In the last section we found the couplings to the (p+1)-forms necessary in the field
strengths of the p-forms in order to ensure gauge invariance. We now ask how this
infinite tower of p-form gauge fields can be truncated to a finite subsystem without
loosing gauge invariance. The answer to this question comes from the fact that not
all (p+1)-form gauge fields are really needed to make the field strength of the p-form
gauge fields invariant. For example, in the field strengths of the vector fields AMµ
the two-form fields Bµν I only enter projected with Z
MI . A finite gauge invariant set
of gauge fields is given by {AMµ , ZMIB µν I}. Indeed, due to (3.19) the three-forms
SAµνρ drop out of the projected two-form field strength Z
MI Hµνρ I . Using (3.18) one
can write this result without any reference to the three-from representation as
ZMI
(
XNI
J + 2dINP Z
PJ
)
= 0 , thus {AMµ , ZMI Bµν I} is closed. (3.27)
This is the truncation scheme used for the d = 4 and d = 5 maximal and half-
maximal supergravities, see [33, 32] for the maximal theories and chapter 4 and
5 for the half-maximal ones. For the higher-dimensional supergravities one finds
that the two-forms Bµν I appear already unprojected in the ungauged theory, thus
a different truncation scheme is needed.
The three forms only enter projected with YIA into the field strength of the two-
form gauge fields. We find {AMµ , Bµν I , YIASAµνρ} to be a set of gauge fields that is
closed under gauge transformations. The consistency condition for this is
YIA
(
XMB
A + cAJM YJB
)
= 0 , thus {AMµ , Bµν I , YIASAµνρ} is closed. (3.28)
This condition is satisfied due to the quadratic constraint on Θ. To prove (3.28) one
starts with the gauge invariance of YIA, i.e. δMYIA = 0 and then applies equations
(3.18) and (3.19).
For the d = 3 supergravities the vector fields are introduced as duals to the
scalars, they thus transform in the adjoint representation, i.e. in this case we have
vector fields Aαµ, an embedding tensor Θα
β and gauge group generators Xαβ
γ =
−Θαδfδβγ. In this case it turns out that no higher rank gauge fields are needed since
the Θ-projected vector field AαΘα
β are closed under gauge transformations. The
crucial relation for this is
X(αβ)
γ Θγ
δ = 0 , thus AαΘα
β is closed in d = 3. (3.29)
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d 2 3 4 5 6 7 8
pmax 0
∗ 0 1∗ 1 2∗ 2 3∗
Table 3.3: The highest rank pmax of the tensor gauge fields that appears necessarily in the
ungauged maximal supergravity in d space-time dimensions. Scalars correspond to p = 0,
vector gauge fields to p = 1, etc. The asterisk indicates self-duality of the pmax-form fields.
This condition is equivalent to the quadratic constraint in d = 3 if the embedding
tensor Θαβ is symmetric in α and β.
5. The symmetry of Θαβ is always a consequence
of the linear constraint in three-dimensions [30, 31, 25].
It thus depends on the particular theory which of the truncation schemes (3.27),
(3.28) or (3.29) is used. In each case only the corresponding projected gauge trans-
formations are present, i.e. only ΛαΘα
β for d = 3 and in the higher dimensions
{ΛM , ZMI Σµ I} or {ΛM , Σµ I , YIAΦAµν}. For the d = 8 maximal supergravity one
also needs four-form fields and thus an even larger set of gauge transformations, but
the corresponding field strengths and gauge transformations were not yet worked
out in detail.
For the maximal supergravities we list in table 3.3 the maximal rank pmax of
forms that appear in the ungauged theory, always referring to that formulation of
the theory in which all forms have been dualized to smallest possible rank6. In the
gauged theory only the tensor gauge fields up to rank pmax + 1 appear, and we saw
in the above truncation schemes that these (pmax + 1)-form gauge fields are only
introduced projected with some tensor Θ, Z or Y , while all other gauge fields are
introduced unprojected7. Thus for Θ → 0 these gauge fields decouple and only
the field content of the ungauged theory is left. Note also that the covariant field
strengths (3.20) become the ungauged field strengths (3.8) for Θ→ 0.
3.2.3 Topological terms in odd dimensions
For all dimensions d ≥ 4 the ungauged Lagrangian of maximal and half-maximal
supergravity contains a topological term and in this section we give the appropriate
generalization of this topological term in the gauged theory. For simplicity, we
restrict to odd dimensions. We also include the case d = 3 for which a topological
term is present in the gauged theory but not in the ungauged one. It turns out that
5The Cartan-Killing form was used to lower the index β.
6 Typically different formulations in terms of dual p-forms also exist, and onshell one can always
introduce all forms up to rank d− 2 via dualization, see table 2.1.
7In even dimensions there are subtleties since typically only half of the pmax-form gauge fields
appear in the ungauged Lagrangian. The others can only be introduced onshell in the ungauged
theory. In the gauged theory they also appear in the Lagrangian, but like the (pmax + 1)-forms
only projected with some component of Θ.
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gauge invariance already fixes the form of this term up to a factor8.
We gave the general variations of the field strengths in (3.21). These variations
have a much simpler form than the field strengths themselves, but we can infer the
field strengths from their general variations via integration. The same is true for
the topological terms. In the following we therefore start with the presentation of
the general variation of the respective topological terms. We now go through the
different cases.
d=3
For d = 3 we already explained that the vector fields Aαµ come in the adjoint repre-
sentation, i.e. we have to replace the indices M , N , etc. everywhere by indices α, β,
etc. The embedding tensor then reads Θα
β and we can use the Cartan-Killing form
to raise- and lower the algebra indices. The general variation of the topological term
reads
δLtop,d=3 = ǫµνρΘαβ (δAαµ)Fβνρ + total derivatives . (3.30)
This is the only possible Ansatz for the variation that yields covariant field equations.
This Ansatz has to pass two consistency checks. Firstly, for gauge transformations
δAαµ = DµΛ
α this variation must yield a total derivative, which is true due to
the Jacobi identity D[µFανρ] = 0. Secondly, the variation must integrate up to a
Lagrangian Ltop,d=3. If the linear constraint Θ[αβ] = 0 and the quadratic constraint
(3.6) are satisfied9 the variation indeed integrates up to the topological term
Ltop,d=3 = ǫµνρΘαβ Aαµ
(
∂νA
α
ρ +
1
3
Xγδ
β Aγν A
δ
ρ
)
. (3.31)
This is the standard Chern-Simons term, but normally Θαβ is the Cartan Killing
form and Xαβ
γ are the structure constants, which need not to be the case here.
d=5
In d = 5 the vector gauge fields are dual to the two-form gauge fields, i.e. they
transform in the dual representations of G0. We then have the index structure
Bµν M , dMNP , Z
MN , etc. The general variation of the topological term reads [33]
δLtop,d=5 = ǫµνρλσ
[
1
3
g ZMN (∆Bµν M)HρλσN − (∆AMµ ) dMNP HNνρHPλσ
]
+ total derivatives . (3.32)
8 In even dimensions the topological terms alone are not gauge invariant, instead there is a
subtle interplay between these terms and the kinetic terms of the gauge fields in the Lagrangian
[50].
9The quadratic constraint yields that ΘαβXγδ
β is completely antisymmetric in α, γ, δ.
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The general Ansatz for δLtop,d=5 contains the two given terms with an a priori
arbitrary relative factor. This factor is fixed since the variation must yield a total
derivative for gauge transformations (3.22). This can easily be checked by using
(3.26). However, the additional constraints dMNP = d(MNP ) and Z
(MN) = 0 are
needed. The complete symmetry of dMNP is already necessary in the ungauged
theory to write down the appropriate ungauged topological term. The antisymmetry
of ZMN is a consequence of the linear constraint on Θ. With these two conditions
and the quadratic constraint on Θ one can show that the above variation can be
integrated up. The topological Lagrangian reads [33]
Ltop,d=5 = ǫµνρλσ
[
− 4
3
dMNP A
M
µ ∂ν A
N
ρ ∂λA
P
σ +
1
2
g ZMN Bµν M DρBλσN
− 2 g dMNP ZPQBµν QAMρ
(
∂λA
N
σ +
1
3
g XRS
N ARλ A
S
σ
)
− 2 g dMNP XQRP AMµ AQν ARρ
(
∂λA
N
σ +
1
5
g XST
N ASλ A
T
σ
) ]
.
(3.33)
The first two terms already show that the symmetry of dMNP and the antisymmetry
of ZMN are needed in order that the variation of the Lagrangian takes the above
form. The first term already appears in the ungauged theory.
d=7
In d = 7 the two-form gauge fields are dual to three-form gauge fields and thus also
transform in dual representations of G0. We therefore have three-forms S
I
µνρ and
tensors cIJM , YIJ , etc. The general variation of the topological term then reads [34]
δLtop,d=7 = − 118 ǫµνρλστκ
[
YIJ(∆S
I
µνρ)HJλστκ + 6 cIJM (∆Bµν I)HMρλHστκ J
+ 2 cIJM (∆A
M
µ )Hνρλ I Hστκ J
]
+ total derivatives .
(3.34)
This variation yields a total derivative under gauge transformations (3.22) and in-
tegrates up to a Lagrangian Ltop,d=7 if Y[IJ ] = 0 and c(IJ)M = 0. For the maximal
supergravities we give the complete topological term in chapter 6. Here we restrict
to the leading terms
Ltop,d=7 = − ǫµνρλστκ
[
cIJM Bµν I ∂ρA
M
λ
(
∂σ Bτκ J + 4dJNP A
N
σ ∂τ A
P
κ
)
− 4
5
cIJM dINP dJQRA
M
µ A
N
ν A
Q
ρ (∂λA
P
σ ) (∂τA
R
κ )
+ 1
9
g YMN S
M
µνρDλ S
N
στκ + . . .
]
. (3.35)
The terms missing are of order g1 or g2, i.e. all terms of the ungauged theory are
already given here.
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3.3 Preserving supersymmetry
In this section we assume that the Lagrangian and the supersymmetry rules of the
ungauged theory are known and describe the modifications that have to be made
in order to obtained the gauged theory. Note that minimal substitution alone, i.e.
replacement of all derivatives ∂µ by covariant derivatives Dµ, destroys gauge invari-
ance and supersymmetry. In the last section we already introduced the necessary
covariant field strengths and covariant topological terms that have to be introduced
in order to restore gauge invariance. In order to restore supersymmetry one intro-
duces additional fermionic couplings and a scalar potential in the Lagrangian and
also needs to modify the supersymmetry rules of the fermions (the Killing spinor
equations). These changes will be explained in the next subsection.
3.3.1 Additional terms in Lagrangian and supersymmetry
variations
We saw that the bosonic fields of the maximal and half-maximal supergravities
transform in some representation of the global symmetry group G0. In particular
the scalars form the coset G0/H that is described by a group element V subject to
global G0 transformations from the left and local H transformations from the right,
i.e. it transforms as
V 7→ ΛV h(x) , Λ ∈ G0 , h(x) ∈ H . (3.36)
See equation (2.9) for the SL(q)/SO(q) case, and the following chapters for further
examples. This particular description of the scalars is necessary since the fermions
also transform under local H-transformations, but not under G0. Thus all couplings
between p-form gauge fields and fermions have to be mediated by the scalar coset
representative V.
Let us first focus on the maximal supergravities, for which the group H coincides
with the R-symmetry group HR. The latter is defined as the largest subgroup of
the automorphism group of the supersymmetry algebra that commutes with Lorentz
transformations, i.e. it acts only on the internal indices of the supersymmetry gener-
ators (not on their spinor indices) and leaves the supersymmetry algebra invariant.
Every component of a super-multiplet thus transforms in some representation ofHR,
in particular the fermions. The gravity multiplet of maximal supergravity contains
the gravitini ψaµ and matter fermions χ
m, where the indices a and m refer to some
representation of H = HR. In table 3.4 we listed the R-symmetry groups and the
respective fermion representations for dimensions 3 ≤ d ≤ 8. For the even dimen-
sions there always appears a representation W together with its dual representation
W , which means that the corresponding fermions can be described by one complex
Weyl spinor with representation W (its complex conjugate then carries W ). In odd
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spinor representation under HR little group
d type HR ψµ χ ψµ χ dof
8 M,W U(2) 2⊕ 2 2⊕ 2⊕ 4⊕ 4 20 4 80 + 48
7 S USp(4) 4 16 16 4 64 + 64
6 SMW Usp(4) ×Usp(4) (4,1) ⊕ (1,4) (4,5)⊕ (5,4) 6 4 48 + 80
5 S Usp(8) 8 48 4 2 32 + 96
4 M,W SU(8) 8⊕ 8 56⊕ 56 1 1 16 + 112
3 M SO(16) 16 128 — 1 0 + 128
Table 3.4: For the maximal supergravities in d dimensions the R-symmetry groups and
the corresponding representations of the gravitini ψµ and the matter spinors χ are listed.
In addition the degrees of freedom for each ψµ and χ are given, which corresponds to
giving the representation of these spinor under the respective little group SO(d− 2). The
product of the dimensions of the HR and SO(d−2) representations yields the total degrees
of freedom (dof) of ψµ and χ, which always sum up to 128. In the second column the spinor
types in the respective dimension are given (M for Majorana, W for complex Weyl, S for
symplectic Majorana and SMW for symplectic Majorana Weyl). Note that HR coincides
with (the complex covering group of) H of table 2.1.
dimensions one can always use (symplectic) Majorana spinors that obey a (pseudo)
reality condition.
The Lagrangian of the gauged theory schematically takes the form
L = L0[∂ → D,F0 →H] + Ltop + Lferm.mass. + Lpot , (3.37)
where L0 is the ungauged Lagrangian without topological term, but including fermi-
ons. All derivatives in L0 have to be replaced by covariant derivatives and all p-form
field strengths have to be replaced by covariant ones. In addition one needs to add
the respective gauge covariant topological term Ltop, fermionic mass terms Lferm.mass
and a scalar potential Lpot. In the last section we already gave Ltop, at least for
the odd dimensions. By fermionic mass terms we mean all bilinear couplings of the
fermions that do not involve p-form gauge fields or derivatives, i.e. schematically
e−1 Lferm.mass = g A1 ab ψ¯µ b Γµν ψaν + g A2 am χ¯m Γµ ψaµ + g A3mn χ¯n χm + h.c. ,
(3.38)
where A1, A2 and A3 are are some tensor that depend on scalar fields and linearly on
the embedding tensor. More precisely A1, A2 and A3 are composed out of irreducible
components of the T -tensor which we will introduce in the next subsection. Note
that no couplings of the form (3.38) are present in the ungauged theory. In the
gauged theory these couplings are needed to cancel terms in the supersymmetry
variations of the Lagrangian that come from the new gauge field couplings. But not
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all these new terms in are canceled in this way. One also needs to change the Killing
spinor equations as follows10
δε ψ
a
µ = ungauged terms + g A1 b
a εb ,
δε χ
m = ungauged terms + g A2 a
m εa , (3.39)
where εa(x) is the parameter of supersymmetry transformations. Supersymmetry
demands the same tensors A1 and A2 to appear here as in the Lagrangian.
Plugging the variations (3.39) into (3.38) yields order g2 terms in the variations
of the Lagrangian. In order to cancel those one needs a scalar potential of the form
e−1 Lpot = − g2 V = 2 g2
(
A1 a
b A¯1
a
b − A2 am A¯2am
)
, (3.40)
where the bar denotes complex conjugation. This is a scalar potential since A1
and A2 depend on the scalar fields. Note that we are not very explicit with our
conventions here, but we assumed that complex conjugation lowers or highers the
indices a and m. Of course, we will be much more concrete as soon as particular
theories are discussed in the following chapters. Supersymmetry then demands a
quadratic constraint on A1 and A2 of the form
11 [53]
A1 a
c A¯1
b
c − A2 am A¯2bm = − 1
2r
δba V , (3.41)
where r = δaa is the dimension of the gravitini representation. This constraint needs
to be satisfied as a consequence of the quadratic constraint on Θ. Equation (3.41)
is sometimes denoted as generalized Ward identity for extended supergravity.
According to table 3.4 the fermionic degrees of freedom of the maximal super-
gravities add up to 128, and so do the bosonic degrees of freedom in the ungauged
theory. In order to preserve supersymmetry, one is not allowed to alter the degrees
of freedom. Nevertheless, as explained in the last section, additional (pmax+1)-forms
are needed in the gauged theory to get a gauge invariant field strength of the pmax-
forms12. According to (3.37) these additional gauge fields do not get a kinetic term,
but only appear via the Stu¨ckelberg type couplings in the covariant field strengths
and in the generalized topological term and therefore do not yield additional degrees
of freedom. Their field equation will turn out to be a duality equation, which in
odd dimensions relates the (pmax + 1)-forms themselves to the pmax-forms. For even
10For example, if we (schematically) write the scalar kinetic terms as L ⊃ (Dµφ)(Dµφ) and the
supersymmetry variations of the vector fields as δǫAµ = ǫ¯ψµ + ǫ¯Γµχ, we find in the variation of
the Lagrangian terms of the form δǫL ⊃ g(Dµφ)Θ(ǫ¯ψµ+ ǫ¯Γµχ). Those get canceled by terms from
(3.38) since δǫψµ ⊃ Dµǫ and δǫχ ⊂ DµφΓµǫ, and by terms that follow when plugging (3.39) into
the kinetic terms of the fermions L ⊃ ψ¯µΓµνρDνψρ+ χ¯ /Dχ. More details are given in the following
chapters for the concrete theories.
11 This equation is obtained by considering terms of the form g2ψ¯µΓ
µǫ in the variation δǫL.
12And in even dimensions one also introduces those pmax-forms (i.e. in d = 4 vector fields) in
the Lagrangian that are normally only introduces onshell via dualization.
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spinor under HR under SO(n) little group
d type HR ψµ χ λ ψµ χ λ ψµ χ λ dof
5 S Usp(4) 4 4 4 1 1 n 4 2 2 16+8+8n
4 M,W U(4) 4⊕ 4 4⊕ 4 4⊕ 4 1 1 n 1 1 1 8+8+8n
3 M SO(8) 8s — 8c 1 — n no dof — 1 0+0+8n
Table 3.5: Analogous to table 3.4, but for the half-maximal supergravities in d = 3, 4, 5
dimensions. The R-symmetry groups and the corresponding representations of the gravi-
tini ψµ and of the matter spinors χ and λ are given. While ψµ and χ belong to the gravity
multiplet, λ belongs to the n vector multiplets and thus transforms under the SO(n) that
rotates these vector multiplets into each other.
dimensions the construction is more subtle, for d = 4 we again refer to [50] and to
chapter 4.
The construction of the gauged theory given in equations (3.37) to (3.40) is not
specific for the maximal supergravities. The only thing that changes for supergrav-
ities with less supercharges is that additional fermions from other multiplets are
present. For example, for the half-maximal theories one still has ψaµ and χ
m from
the gravity multiplet, but in addition one has matter fermions λx from the n vector
multiplets. The indices a, m and x again indicate that these fields come in some
representation of H , but we now have H = HR × SO(n), i.e. H is not identical
with the R-symmetry group, but contains it as a subgroup. The additional factor
SO(n) refers to the transformations of the vector multiplets into each other, i.e. λx
transforms as a vector under SO(n), while ψaµ and χ
m are singlets under SO(n).
In table 3.5 we summarize the representations of the fermions for the half-maximal
theories in d = 3, 4, 5.13
In the gauged theory the supersymmetry rules for λ have to be supplemented
by a term g A2 a
x εa and the fermionic mass terms also contain all possible bilinear
fermion coupling that contain λx, in particular a term gA2 a
xλ¯xΓ
µψaµ. Equation
(3.41) then has to be modified as follows
A1 a
c A¯1
b
c − A2 am A¯2bm − A2 ax A¯2bx = − 1
2r
δba V , (3.42)
and this equation again has to be a consequence of the quadratic constraint on Θ.
13In section 2.3 we explained that from torus reduction of minimal supergravity in d = 10
without vector multiplets one obtains the half-maximal theories in d = 3, 4, 5 with n = 8, 6, 5
vector multiplets. According to table 2.3 these theories all carry 64 fermionic degrees of freedom,
i.e. half as much as the maximal theories.
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3.3.2 The T -tensor
In the last subsection we introduced tensors A1, A2 and A3 to write down gravi-
tational mass terms for the fermions. These tensors transform under the maximal
compact subgroup H of G0 and have to be defined out of the embedding tensor Θ
which is a tensor under the global symmetry group G0 itself. The object that relates
representations of G0 and H is the scalar coset representative V which according
to (3.36) transforms under both groups. Since V is a group element of G0 it has a
natural action RV on every G0 representation. For example, if G0 is some matrix
group (i.e. SL(q), SO(q, p) or Sp(q)), then the natural action on a vector v is given
by right multiplication, i.e. RV [v] = v V.
When acting with V on the embedding tensor Θ one obtains the so-called T -
tensor
T ≡ RV [Θ] . (3.43)
The T -tensor contains all the information on Θ, but it is scalar dependent and
transforms under H , not under G0. Every G0-irreducible component of Θ branches
into one or more H-irreducible component of T , schematically
Θ = θ1 ⊕ θ2 ⊕ . . . H→ T = (t11 ⊕ t12 ⊕ . . .)⊕ (t21 ⊕ t22 ⊕ . . .)⊕ . . . . (3.44)
The irreducible components tij of the T -tensor are used to build up the fermionic
mass tensors A1, A2 and A3. This has first been observed for the maximal d = 4
supergravity [54]. When concrete examples are being discussed in the next chapters
we will explicitly give the relations between Θ, T and the A’s.
In table 3.6 and 3.7 we list the irreducible components of the T -tensor and of the
fermionic mass matrices for the maximal supergravities in dimensions 3 ≤ d ≤ 7.
Comparing the two tables shows that every component of the T -tensor appears
somewhere in A1, A2 or A3, i.e. all components are used in the fermionic couplings.
This however is a special feature of the maximal supergravities. In general, not
all components are used, as we will see for the half-maximal supergravities in the
following chapters.
The description of the T -tensors completes our general discussion of gauged su-
pergravity theories. In this chapter we first introduced the embedding tensor Θ.
This tensor parameterizes the minimal couplings of vector fields to symmetry gen-
erators in the covariant derivative. We then showed which additional changes in the
Lagrangian and in the supersymmetry rules are necessary in order to preserve gauge
invariance and supersymmetry. All these couplings are parameterized in terms of
Θ. We also introduced the linear and quadratic constraints that Θ has to satisfy in
order to describe a valid gauging. In the following chapters these general methods
are applied to concrete examples.
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d G0 H Θ T
7 SL(5) Usp(4) 15⊕ 40 1⊕ 5⊕ 14⊕ 35
6 SO(5, 5) USp(4)× USp(4) 144s (4, 4)⊕ (4, 16)⊕ (16, 4)
5 E6 USp(8) 351 36⊕ 315
4 E7 SU(8) 912 36⊕ 36⊕ 420⊕ 420
3 E8 SO(16) 1⊕ 3875 1⊕ 135⊕ 1820⊕ 1920
Table 3.6: For the maximal supergravities in d dimensions the H-irreducible components
of the T -tensor are given. For convenience we again list the global symmetry groups
G0, its maximal compact subgroups H and the irreducible components of the respective
embedding tensor.
d ψµ ⊗ ψν A1 ψµ ⊗ χ A2
7 (4⊗ 4)antisym ⊃ 1⊕ 5 4⊗ 16 ⊃ 5⊕ 14⊕ 35
6 (4, 1)⊗ (1, 4) = (4, 4) (4, 1)⊗ (5, 4) = (4, 4)⊕ (16, 4)
5 (8⊗ 8)sym = 36 8⊗ 48 ⊃ 315
4 (8⊗ 8)sym = 36 8⊗ 56 ⊃ 420
3 (16⊗ 16)sym = 1⊕ 135 16⊗ 128 ⊃ 1920
d χ⊗ χ A3
7 (16⊗ 16)antisym ⊃ 1⊕ 5⊕ 14⊕ 35
6 ((4, 5)⊗ (5, 4))sym ⊃ (4, 4)⊕ (4, 16)⊕ (16, 4)
5 (48⊗ 48)sym ⊃ 36⊕ 315
4 (56⊗ 56)sym ⊃ 420
3 (128⊗ 128)sym ⊃ 1820
Table 3.7: For the maximal supergravities in d dimensions it is listed which components of
the T -tensor contribute to the fermionic mass tensors A1, A2 and A3. These tensors have to
be composed out of H-representations that appear in (appropriately (anti-) symmetrized)
fermionic bilinears, as listed in the table. The subset symbol ⊃ is used if not all of the
possible representations appear (because they are not present in the T -tensor). In even
dimensions also the respective dual representations are present, e.g. in d = 4 we also have
(8⊗ 8)sym = 36 in A1.
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Chapter 4
The N = 4 supergravities in d = 4
In this chapter we present the universal Lagrangian and the Killing spinor equations
of the general gauged N = 4 supergravities in four dimensions. For an even num-
ber of spacetime dimensions there are subtleties that seem to hamper the universal
description of the gauged theory. In particular, in four dimensions the global sym-
metry group G0 of a supergravity theory is generically only realized on-shell since
it involves duality rotations between the electric and magnetic vector fields [55, 56].
Only together the electric vector fields that appear in the ungauged Lagrangian and
the magnetic vector fields that are introduced on-shell form a representation under
G0. Thus, in a G0 invariant formulation of the gaugings the magnetic vector fields
appear in the covariant derivative and therefore in the Lagrangian. These issues
were resolved in [50], where for a general four-dimensional theory it was explained
how to consistently couple electric and magnetic vector gauge fields together with
two-form tensor gauge fields in order to describe gaugings of a generic subgroup
of G0. Here we apply these results to the case of gauged N = 4 supergravities,
reviewing the work of [35]. Very good lecture notes on the subject also exist already
[57].
Examples of N = 4 supergravities in four dimensions are already known for
more than twenty years [58, 59, 60, 61, 62, 63, 64, 65, 66, 67, 68]. From a string
theory perspective these half-maximal supergravities can, for example, result from
orientifold compactifications of IIB supergravity [69, 70]. In this picture parts of
the embedding tensor correspond to fluxes or additional branes on the background
[71, 72, 73, 74, 75], but not all the known gaugings could so far be identified in this
way. Lower N theories can be obtained by truncation of the N = 4 supergravities.
For example certain relevant N = 1 Ka¨hler potentials can be computed from the
N = 4 scalar potential [18, 19, 20, 21]. It would also be interesting to find a gauged
N = 4 supergravity that possesses a de Sitter ground state, since this is not the case
for the theories investigated so far [76, 77].
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4.1 Embedding tensor and gauge fields
4.1.1 Linear and quadratic constraint
The global symmetry group of ungauged d = 4 half-maximal supergravity is G0 =
SL(2)× SO(6, n), where n denotes the number of vector multiplets. We use indices
α = 1, 2 and M = 1, . . . , 6+n to label vector representations of SL(2) and SO(6, n).
The generators of G0 are tαβ = t(αβ) and tMN = t[MN ]. In the respective vector
representation they read
(tMN)P
Q = δQ[MηN ]P , (tαβ)γ
δ = δδ(αǫβ)γ , (4.1)
where ηMN is the SO(6, n) metric and ǫαβ is the SL(2) invariant Levi-Civita tensor.
The electric and magnetic vector fields together transform as a doublet under
SL(2) and a vector under SO(6, n), i.e. we have vector fields AMαµ . The covariant
derivative (3.3) takes the form
Dµ = ∂µ − g AµMαΘMαNP tNP − g AµMαΘMαβγ tβγ . (4.2)
It was already said that the gauge coupling constant g could be absorbed into the
embedding tensor and is just used for convenience to keep track of the order of defor-
mation. The two components ΘMα
NP and ΘMα
βγ further decompose into irreducible
representations of G0. According to table 3.2 the linear constraint only allows for
two of these irreducible components to be non-zero for a consistent gauging. These
two components are described by the tensors ξαM and fαMNP = fα[MNP ]. Both are
doublets under SL(2), but ξαM is vector under SO(6, n) while fαMNP transforms as
a thee-fold antisymmetric tensor. These tensors constitute the embedding tensor as
follows
ΘMα
NP = fαM
NP +
1
2
δ
[N
M ξ
P ]
α , ΘMα
βγ =
1
2
ξδM ǫ
δ(βδγ)α . (4.3)
Working out the quadratic constraint (3.5) on Θ in terms of ξαM and fαMNP yields
the following set of constraints
ξMα ξβM = 0 ,
ξP(αfβ)PMN = 0 ,
3fαR[MNfβPQ]
R + 2ξ(α[Mfβ)NPQ] = 0 ,
ǫαβ
(
ξPα fβPMN + ξαMξβN
)
= 0 ,
ǫαβ
(
fαMNRfβPQ
R − ξRα fβR[M [PηQ]N ] − ξα[MfN ][PQ]β + ξα[PfQ][MN ]β
)
= 0 . (4.4)
To summarize, gaugings are parameterized by the tensors ξαM and fαMNP that
have to obey the constraints (4.4). For any particular gauging these are constant
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tensors (their entries are fixed real numbers), but in the construction of the general
gauged theory they are treated as spurionic objects that transform under G0. The
G0 invariance is thus formally retained. This is possible because the constraints
(4.4) are G0 invariant, i.e. for a solution of (4.4) a G0 transformation yields another
solution. Different solutions that are related in this way describe equivalent gauged
theories.
4.1.2 Choice of symplectic frame
It is convenient to define a composite index for the vector fields by Aµ
M = AµMα.
On the linear space of vector fields there is a symplectic form ΩMN defined by
ΩMN = ΩMαNβ ≡ ηMNǫαβ , ΩMN = ΩMαNβ ≡ ηMNǫαβ . (4.5)
The existence of this symplectic form is a general feature of four-dimensional gauge
theory. Every decomposition AMµ = (A
Λ
µ , AµΛ) such that
ΩMN =
(
ΩΛΣ ΩΛΣ
ΩΛ
Σ ΩΛΣ
)
=
(
0 1
−1 0
)
(4.6)
provides a consistent split into an equal number of electric AΛµ and magnetic AµΛ
vector fields. That means the ungauged theory can be formulated such that the
electric fields AΛµ appear in the Lagrangian while their dual magnetic fields AµΛ are
only introduced onshell. Such a decomposition is called a symplectic frame. The
symplectic group Sp(12 + 2n) is the group of linear transformations that preserve
ΩMN . Every two symplectic frames are related by a symplectic rotation.
The gauge group generators in the vector field representation take the form
XMNP = XMαNβPγ = ΘMαQR (tQR)NP δ
γ
β +ΘMα
δǫ (tδǫ)β
γ δPN
= −δγβ fαMNP +
1
2
(
δPM δ
γ
β ξαN − δPN δγα ξβM − δγβ ηMN ξPα + ǫαβ δPN ξδM ǫδγ
)
.
(4.7)
These generators satisfy
XM[NQΩP]Q = 0 , X(MNQΩP)Q = 0 . (4.8)
The first of these equations states that the symplectic form ΩMN is invariant under
gauge transformations. In fact, it is even invariant under G0 transformations, i.e.
we have the following embedding of groups G ⊂ G0 ⊂ Sp(12+2n), where G denotes
the gauge group. The second relation in (4.8) was found in [50] to be the universal
way of expressing the linear constraint in four dimensions. This equation was used
to work out the decomposition (4.3) of the embedding tensor into its irreducible
components ξαM and fαMNP .
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In the following section we use a particular symplectic frame to give the La-
grangian of the general gauging. The SL(2) doublet is decomposed as α = (+,−)
such that ǫ+− = ǫ+− = 1. We then use AM+µ as electric and A
M−
µ as magnetic
vector fields. This decomposition obviously satisfies (4.6). If we only consider those
symmetry transformations that do not mix electric and magnetic vector fields the
global symmetry group G0 is broken down to SO(1, 1)×SO(6, n). Only this reduced
group is realized as symmetry group of the ungauged Lagrangian (and of the gauged
Lagrangian when considering ξαM and fαMNP as spurionic objects). Note that the
gauge group G need not be contained in this reduced offshell symmetry group.
In order to illustrate the meaning of the quadratic constraints (4.4) we first
consider the case of purely electric gaugings for the particular symplectic frame
just chosen. Purely electric gaugings are those for which only the electric vector
fields appear in the covariant derivative (4.2). In this case we have ξαM = 0 and
f−MNP = 0. We then find f+MN
P = f+MNQ η
QP to be the structure constants of
the gauge group and the constraint (4.4) simplifies to the Jacobi identity
f+R[MNf+PQ]
R = 0 . (4.9)
The complete quadratic constraint (4.4) can be viewed a generalization of this Jacobi
for more general gaugings. Note that the SO(6, n) metric ηMN is used in (4.9) to
contract the indices in (4.9), while in the ordinary Jacobi identity the Cartan Killing
form occurs. Also the indices M,N, . . . run over 6+ n values while the gauge group
might be of smaller dimension. These issues will be discussed in section 4.4.
4.1.3 Vector and tensor gauge fields
The ungauged N = 4 supergravity contains the metric, electric vector fields and
scalars as bosonic fields in the Lagrangian. The dual magnetic vectors and two-form
gauge fields are only introduced on-shell. The latter come in the adjoint repre-
sentation of G0 and since G0 has two factors there are also two kinds of two-form
gauge fields, namely BMNµν = B
[MN ]
µν and Bαβµν = B
(αβ)
µν = (B++µν , B
+−
µν , B
−−
µν ). For the
general description of the gauged theory all these fields appear as free fields in the
Lagrangian [50]. For the magnetic vectors this is necessary because they can appear
as gauge fields in the covariant derivative while the two-forms in turn are required
in order to consistently couple the vector fields. Neither of these newly introduced
gauge fields gets equipped with a kinetic term and via their first order equations of
motion they eventually turn out to be dual to the electric vector fields Aµ
M+ and to
the scalars, respectively. Thus the number of degrees of freedom remains unchanged
as compared to the ungauged theory.
We want to give the gauge invariant field strengths and the gauge transformations
of the vector and two-form gauge fields by applying the general formulas of section
3.2. In these general formulas we used the tensors dIMN and Z
MI that now are given
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as follows
dIMN =̂
 d
αβ
PγQδ = −ηPQ δ(α(γ δβ)δ)
dMNPγQδ = ǫγδ δ
[M
[P δ
N ]
Q]
,
ZMI =̂
{
ZMαβγ = ηMQ ǫαδ ΘQδ
βγ
ZMαNP = ηMQ ǫαδ ΘQδ
NP
. (4.10)
From equation (3.20) we then find the following covariant field strengths1
HM+µν = 2∂[µAν]M+ − g fˆαNPMA[µNαAν]P+
+
g
2
Θ−MNPB
NP
µν +
g
2
ξ+
MB++µν +
g
2
ξ−
MB+−µν ,
HM−µν = 2∂[µAν]M− − g fˆαNPMA[µNαAν]P−
− g
2
Θ+
M
NPB
NP
µν +
g
2
ξ−
MB−−µν +
g
2
ξ+
MB+−µν ,
HMNµνρ = 3 ∂[µBMNνρ] + 6 ǫαβ Aα[M[µ ∂νAN ]βρ] +O(g) ,
Hαβµνρ = 3 ∂[µBαβνρ] + 6 ηMN AM(α[µ ∂νAβ)Nρ] +O(g) . (4.11)
Only the electric field strength HM+µν enters the Lagrangian, but the magnetic and
the two-form field strengths appear in the equations of motion. For our purposes it
is sufficient to know the two-form field strengths up to terms of order g.
It is useful to define the following combinations of the electric field strengths
GµνM+ ≡ HµνM+ ,
GµνM− ≡ e−1 ηMN ǫµνρλ ∂Lkin
∂HN+ρλ
= −1
2
ǫµνρλ Im(τ)M
MNηNPHP+ ρλ − Re(τ)HM+µν . (4.12)
We give the Lagrangian Lkin only in the next section, but we want to anticipate
that in the ungauged theory (i.e. in the limit g → 0) the equations of motion for
the electric vector fields take the form ∂[µGνρ]M− = 0. The magnetic vector fields
can then be introduced via HM−µν = GM−µν . Thus GMα = (GM+,GM−) and HMα are
on-shell identical.
The existence of GMα results in the d = 4 subtlety that in the general gauge
transformations (3.22) we have to replaceHMα by GMα in order to find a formulation
1 Note that the indices + and − on the vector fields and on their field strengths distinguish the
electric ones from the magnetic ones and thus do not indicate complex self-dual combinations of
the field strengths as is common in the literature. We hope note to confuse the reader with that
notation.
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entirely in terms of electric vector fields in the limit g → 0. Thus, the gauge
transformations of the vector and tensor gauge fields read
δAM+µ = DµΛ
M+ − g
2
Θ−MNPΞ
NP
µ −
g
2
ξ+
MΞ++µ −
g
2
ξ−
MΞ+−µ ,
δAM−µ = DµΛ
M− +
g
2
Θ+
M
NPΞ
NP
µ −
g
2
ξ−
MΞ−−µ −
g
2
ξ+
MΞ+−µ ,
∆BMNµν = 2D[µΞ
MN
ν] − 2ǫαβΛα[M GN ]βµν ,
∆Bαβµν = 2D[µΞ
αβ
ν] + 2ηMNΛ
M(α Gβ)Nµν , (4.13)
where the gauge parameters are ΛMα, ΞMNµ = Ξ
[MN ]
µ and Ξαβµ = Ξ
(αβ)
µ , and we used
the covariant variations (3.11) of the two-form gauge fields
∆BMNµν = δB
MN
µν − 2ǫαβAα[M[µ δAN ]βν] ,
∆Bαβµν = δB
αβ
µν + 2ηMNA
M(α
[µ δA
β)N
ν] . (4.14)
In the Lagrangian the two-form gauge fields only appear projected with ΘMα
βγ and
ΘMα
MN , respectively. On the two-forms the gauge transformations (4.13) only close
under this projection. The gauge algebra is a special case of (3.24).
4.2 Lagrangian and field equations
The N = 4 gravity multiplet contains as bosonic degrees of freedom the metric,
six massless vectors and two real massless scalars. The scalar fields constitute an
SL(2)/SO(2) coset2. This coset can equivalently be described by a complex number
τ with Im(τ) > 0 or by a symmetric positive definite matrix Mαβ ∈ SL(2). The
relation between these two descriptions is given by
Mαβ =
1
Im(τ)
( |τ |2 Re(τ)
Re(τ) 1
)
, Mαβ =
1
Im(τ)
(
1 −Re(τ)
−Re(τ) |τ |2
)
, (4.15)
where Mαβ is the inverse of Mαβ . The SL(2) symmetry action on Mαβ
M → gMgT , g =
(
a b
c d
)
∈ SL(2) , (4.16)
acts on τ as a Mo¨bius transformation τ → (aτ + b)/(cτ + d).
We couple the gravity multiplet to n vector multiplets, each containing one
vector and six real scalars. The scalars of the vector multiplets arrange in the
coset SO(6, n)/SO(6)× SO(n) which is described by coset representatives VMa and
2 In the literature the symmetry group is usually denoted by SU(1, 1), however, we prefer to
treat it as SL(2) which is of course the same group but with different conventions concerning its
fundamental representation.
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VMm where m = 1, . . . , 6 and a = 1, . . . , n denote SO(6) and SO(n) vector indices,
respectively. The matrix V = (VMm, VMa) is an element of SO(6, n), i.e.
ηMN = −VMmVNm + VMaVNa , (4.17)
where ηMN = diag(−1,−1,−1,−1,−1,−1,+1, . . . ,+1) is the SO(6, n) metric. Global
SO(6, n) transformations act on V from the left while local SO(6)×SO(n) transfor-
mations act from the right
V → gVh(x) , g ∈ SO(6, n), h(x) ∈ SO(6)× SO(n) . (4.18)
Analogous to Mαβ this coset space may be parameterized by a symmetric positive
definite scalar metric M = VVT , explicitly given by
MMN = VMaVNa + VMmVNm . (4.19)
Its inverse is denoted by MMN . Note that each of the matrices MMN , VMm and
VMa alone already parameterizes the SO(6, n) part of the scalar coset.
In order to give the scalar potential below we also need to define the scalar
dependent completely antisymmetric tensor
MMNPQRS = ǫmnopqr VMmVNnVP oVQpVRqVSr . (4.20)
In addition to ΘMα
NP and ΘMα
βγ defined in (4.3) the following combination of
fαMNP and ξαM appears regularly
fˆαMNP = fαMNP − ξα[M ηP ]N − 32 ξαNηMP . (4.21)
We can now present the bosonic Lagrangian of the general gauged theory3
Lbos = Lkin + Ltop + Lpot . (4.22)
It consists of a kinetic term
e−1Lkin = 12 R + 116 (DµMMN )(DµMMN )−
1
4 Im(τ)2
(Dµτ)(D
µτ ∗)
− 1
4
Im(τ)MMNHµνM+HµνN+ + 18 Re(τ) ηMN ǫµνρλHµνM+HρλN+ ,
(4.23)
3 Our space-time metric has signature (−,+,+,+) and the Levi-Civita is a proper space-time
tensor, i.e. ǫ0123 = e−1, ǫ0123 = −e.
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a topological term for the vector and tensor gauge fields [50]
e−1Ltop = − g
2
ǫµνρλ{
ξ+MηNPA
M−
µ A
N+
ν ∂ρA
P+
λ −
(
fˆ−MNP + 2 ξ−NηMP
)
AM−µ A
N+
ν ∂ρA
P−
λ
− g
4
fˆαMNRfˆβPQ
RAMαµ A
N+
ν A
Pβ
ρ A
Q−
λ +
g
16
Θ+MNPΘ−MQRB
NP
µν B
QR
ρλ
− 1
4
(
Θ−MNPBNPµν + ξ−MB
+−
µν + ξ+MB
++
µν
) (
2∂ρA
M−
λ − gfˆαQRMAQαρ AR−λ
)}
,
(4.24)
and a scalar potential
e−1Lpot = −g2V
= −g
2
16
{
fαMNPfβQRSM
αβ
[
1
3
MMQMNRMPS + (2
3
ηMQ −MMQ)ηNRηPS
]
− 4
9
fαMNPfβQRSǫ
αβMMNPQRS + 3 ξMα ξ
N
β M
αβMMN
}
. (4.25)
The action of the covariant derivative (4.2) explicitly reads for the scalar fields
DµMαβ = ∂µMαβ + gA
Mγ
µ ξ(αMMβ)γ − gAMδµ ξǫMǫδ(αǫǫγMβ)γ ,
DµMMN = ∂µMMN + 2gAµ
PαΘαP (M
QMN)Q . (4.26)
Note that Im(τ)−2(Dµτ)(Dµτ ∗) = −12(DµMαβ)(DµMαβ), i.e. the kinetic term for τ
can equivalently be expressed in terms of Mαβ .
Under general variations of the vector and two-form gauge fields the Lagrangian
varies as
e−1δLbos = 18g
(
Θ−MNP∆BNPµν + ξ−M∆B
+−
µν + ξ+M∆B
++
µν
)
ǫµνρλ
(HM−ρλ − GM−ρλ )
+ 1
2
(δAM+µ )
(
g ξβMM+γD
µMβγ +
g
2
Θ+MP
NMNQD
µMQP − ǫµνρληMN DνGN−ρλ
)
+ 1
2
(δAM−µ )
(
g ξβMM−γDµMβγ +
g
2
Θ−MPNMNQDµMQP + ǫµνρληMN DνGN+ρλ
)
+ total derivatives, (4.27)
where we used the covariant variations (4.14). Plugging the gauge transformations
(4.13) into these general variations one finds the Lagrangian to transform into a
total derivative, i.e. the action is gauge invariant [50].
Equation (4.27) encodes the gauge field equations of motion of the theory. Vari-
ation of the two-form gauge fields yields a projected version of the duality equation
HM−µν = GM−µν between electric and magnetic vector fields. From varying the electric
vector fields one obtains a field equation for the electric vectors themselves which
46
CHAPTER 4. THE N = 4 SUPERGRAVITIES IN D = 4
contains scalar currents as source terms. Finally, the variation of the magnetic vec-
tors gives a duality equation between scalars and two-form gauge fields. To make
this transparent one needs the modified Bianchi identity for HM+µν which reads
D[µHM+νρ] =
g
6
(
Θ−MPQHPQµνρ + ξ+MH++µνρ + ξ−MH+−µνρ
)
. (4.28)
Thus we find that the tensors fαMNP and ξαM do not only specify the gauge
group but also organize the couplings of the various fields. They determine which
vector gauge fields appear in the covariant derivatives, how the field strengths have
to be modified, which magnetic vector fields and which two-form gauge fields enter
the Lagrangian and how they become dual to electric vector fields and scalars via
their equation of motion. Consistency of the entire construction crucially depends
on the quadratic constraints (4.4).
In principle one should also give the fermionic contributions to the Lagrangian
and check supersymmetry to verify that (4.22) really describes the bosonic part of a
supergravity theory. We have obtained the results by applying the general method
of covariantly coupling electric and magnetic vector gauge fields in a gauged theory
[50] to the particular case of N = 4 supergravity. This fixes the bosonic Lagrangian
up to the scalar potential. The latter is also strongly restricted by gauge invariance,
only those terms that appear in (4.25) are allowed. We obtained the pre-factors
between the various terms by matching the scalar potential with the one known
from half-maximal supergravity in three spacetime dimensions [25], see appendix B.
The general theory then was compared with various special cases that were already
worked out elsewhere [66, 68, 76, 71, 72, 73, 74, 78, 79, 80], see section 4.4.
A symplectic rotation of the vector fields yields a different Lagrangian which
describes the same theory at the level of the equations of motion. All possible
Lagrangians of gauged N = 4 supergravity are thus parameterized by ξαM , fαMNP
and an element of Sp(12 + 2n). It can be shown that as a consequence of the
constraints (4.4) one can perform for every gauging a symplectic rotation such that a
purely electric gauging is obtained [50]4. In other words, for every particular gauging
there exists a natural symplectic frame such that no magnetic vector fields and no
two-form fields are necessary in the Lagrangian. However, this natural symplectic
frame is only defined implicitly in terms of ξαM and fαMNP . In order to have the
general gauged Lagrangian explicitly parameterized by ξαM and fαMNP one needs
the above construction with magnetic vectors and two-forms.
4In the maximal supersymmetric theory, i.e. for N = 8, this statement can even be reversed, i.e.
every gauging that is purely electric in some symplectic frame is consistent, i.e. solves the quadratic
constraints for the embedding tensor [32]. This is different in N = 4 where a nontrivial quadratic
constraint remains also for purely electric gaugings.
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SO(2) charges SU(4) rep. SO(n) rep.
gravitini ψiµ − 12 4 1
spin 1/2 fermions χi + 3
2
4 1
spin 1/2 fermions λai + 1
2
4 n
Table 4.1: H-representations of the fermions of d = 4, N = 4 supergravity
4.3 Killing spinor equations
So far we have only considered bosonic fields and we do not intend to give the entire
fermionic Lagrangian nor the complete supersymmetry action. They can e.g. be
found in the paper of Bergshoeff, Koh and Sezgin [68] for purely electric gaugings
when only f+MNP is non-zero, and we have chosen most of our conventions to agree
with their work in this special case5. In particular all terms of order g0, i.e. terms
of the ungauged theory, can be found there.
Our aim in this section is to give the Killing spinor equations of the general
gauged theory, i.e. the variations of the gravitini and of the spin 1/2 fermions un-
der supersymmetry. Those are required for example when studying BPS solutions
or when analyzing the supersymmetry breaking or preserving of particular ground
states.
All the fermions carry a representation ofH = SO(2)×SO(6)×SO(n) which is the
maximal compact subgroup of G0. Instead of SO(6) we work with its covering group
SU(4) in the following. The gravity multiplet contains four gravitini ψiµ and four
spin 1/2 fermions χi and in the n vector multiplet there are 4n spin 1/2 fermions
λai, where i = 1, . . . , 4 and a = 1, . . . , n are vector indices of SU(4) and SO(n).
The SO(2) = U(1) acts on the fermions as a multiplication with a complex phase
exp(iqλ(x)), where the charges q are given in table 4.1.
As usual we use gamma-matrices with
{Γµ,Γν} = 2ηµν , (Γµ)† = ηµνΓν , Γ5 = iΓ0Γ1Γ2Γ3 . (4.29)
All our fermions are chiral. We choose ψiµ and λ
ai to be right-handed while χi is
left-handed, that is
Γ5ψ
i
µ = +ψ
i
µ , Γ5χ
i = −χi , Γ5λai = +λai . (4.30)
Vector indices of SU(4) are raised and lowered by complex conjugation, i.e. for
an ordinary SU(4) vector vi = (v
i)∗. However, for fermions we need the matrix
B = iΓ5Γ2 to define φi = B(φ
i)∗. This ensures that φi transforms as a Dirac spinor
when φi does. The complex conjugate of a chiral spinor has opposite chirality, e.g.
5 The structure constants fMNP in [68] equal minus f+MNP .
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χi = B(χ
i)∗ is right-handed6. For φ¯i = (φi)†Γ0 we define the complex conjugate by
φ¯i = (φ¯i)
∗B which yields φ¯iχi = χ¯iφi = (φ¯iχi)∗ = (χ¯iφi)∗.
An SO(6) vector vm can alternatively be described by an antisymmetric tensor
vij = v[ij] subject to the pseudo-reality constraint
vij = (v
ij)∗ =
1
2
ǫijklv
kl . (4.31)
We normalize the map vm 7→ vij such that the scalar product becomes
vmwm =
1
2
ǫijklv
ijwkl . (4.32)
We can thus rewrite the coset representative VMm as VMij such that the equations
(4.17) and (4.20) become
ηMN = −1
2
ǫijklVMijVNkl + VMaVNa ,
MMNPQRS = − 2 i ǫijps ǫklqt ǫmnru V[MijVNklVPmnVQpqVRrsVS]tu . (4.33)
The scalar matrices VMij and VMa can be used to translate from SO(6, n) representa-
tions under which the vector and tensor gauge fields transform into SO(6)× SO(n)
representations carried by the fermions. They are thus crucial when we want to
couple fermions. For the same reason it is necessary to introduce an SL(2) coset
representative, namely a complex SL(2) vector Vα which satisfies
Mαβ = Re(Vα(Vβ)∗) . (4.34)
Under SO(2) Vα carries charge +1 while its complex conjugate carries charge −1.7
In section 3.3 we already described the modifications that are necessary in the
fermionic sector when gauging the theory. Those fermionic mass terms that involve
the gravitini read in our particular case
e−1Lf.mass = 13 g Aij1 ψ¯µi Γµν ψνj − 13 i g Aij2 ψ¯µi Γµ χj + ig A2 aij ψ¯iµ Γµ λaj + h.c. ,
(4.35)
6 Right-handed spinors can be described by Weyl-spinors φA, and left-handed ones then turn
to conjugate Weyl-spinors φA˙. Here A and A˙ are (conjugate) SL(2,C) vector indices. In the chiral
representation of the Gamma-matrices
Γµ =
(
0 σµ
σµ 0
)
, Γ5 =
(
1 0
0 −1
)
, B = iΓ5Γ2 =
(
0 ǫ
−ǫ 0
)
,
where ǫ is the two-dimensional epsilon-tensor and σµ = (1, ~σ), σ
µ = ηµνσν = (−1, ~σ) contains
the Pauli matrices, we find right-handed spinors to have the form φ = (φA, 0)T while left-handed
ones look like φ = (0, φA˙)
T . Thus we have χi = (0, χi
A˙
)T and its complex conjugate is given by
χi = (χ
A
i , 0)
T where the Weyl-spinors are related by χAi = ǫ
AB(χi
B˙
)∗.
7 The complex scalars φ and ψ in [68] translate into our notation as V+ = ψ, V− = iφ and
ψ/φ = iτ∗.
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where Aij1 = A
(ij)
1 , A
ij
2 and A2 ai
j are the fermion shift matrices which depend on the
scalar fields.
Also the supersymmetry transformations of the fermions have to be endowed
with corrections of order g1, namely
δψiµ = 2Dµǫ
i + 1
4
i (Vα)∗VMij GMανρ ΓνρΓµǫj − 23 g Aij1 Γµǫj ,
δχi = i ǫαβVα(DµVβ)Γµǫi + 12 iVαVMij GMαµν Γµνǫj − 43 i g Aji2 ǫj ,
δλia = 2iVaM(DµVMij)Γµǫj − 14 VαVMa GMαµν Γµνǫi + 2 i g A2 aji ǫj , (4.36)
where the same matrices A1 and A2 appear as in the Lagrangian. There are also
higher order fermion terms in the supersymmetry rules, but those do not get cor-
rections in the gauged theory. We wrote the vector field contribution to the fermion
variations in an SL(2) covariant way. Using the definition (4.12) one finds
iVαVMijGMαµν Γµν = (V−∗)−1 VMij
(HM+µν + 12 i ǫµνρλHM+ ρλ)Γµν
= (V−∗)−1 VMijHM+µν Γµν(1− Γ5) ,
iVαVMaGMαµν Γµν = (V−∗)−1 VMa
(HM+µν − 12 i ǫµνρλHM+ ρλ)Γµν
= (V−∗)−1 VMaHM+µν Γµν(1 + Γ5) . (4.37)
Explicitly, the fermion shift matrices are given by
Aij1 = ǫ
αβ(Vα)∗V[kl]MVN [ik]VP [jl]fβMNP ,
Aij2 = ǫ
αβVαV[kl]MVN [ik]VP [jl]fβMNP + 3
2
ǫαβVαVMijξβM ,
A2 ai
j = ǫαβVαVMaVN [ik]VP [jk]fβMNP − 1
4
δji ǫ
αβVαVaMξβM . (4.38)
In order that the Lagrangian is supersymmetric these matrices have to obey equation
(3.41), which now reads
1
3
Aik1 A¯1 jk − 19 Aik2 A¯2 jk − 12 A2 ajk A¯2 aik = − 14 δij V , (4.39)
where the scalar potential V appears on the right hand side. Equation (4.39) is
indeed satisfied as a consequence of the quadratic constraints (4.4).
If we have chosen fαMNP and ξαM such that the scalar potential possesses an
extremal point one may wonder whether the associated ground state conserves some
supersymmetry, i.e. whether ǫi exists such the fermion variations (4.36) vanish in
the ground state. The usual Ansatz is ǫi = qi ξ, where qi is just an SU(4) vector
while ξ is a right-handed Killing spinor of AdS (V < 0) or Minkowski (V = 0) space,
i.e.8
Dµξ = g
√
− 1
12
V ΓµBξ
∗ . (4.40)
8 Consistency of the AdS Killing spinor equation can be checked by using Rµνρλ =
− 23g2V gµ[ρgλ]ν , Γ[µBΓ∗ν]B∗ = −Γµν and [Dµ, Dν ]ξ = − 14RµνρλΓρλξ.
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The Killing spinor equations δψi = 0, δχi = 0 and δλai = 0 then take the form
Aij1 qj =
√
−3
4
V qi , qjA
ji
2 = 0 , A2aj
iqj = 0 . (4.41)
Due to (4.39) the first equation of (4.41) already implies the other two.
4.4 Examples
In this section we give examples of tensors fαMNP and ξαM that solve the constraints
(4.4), therewith giving examples of gauged N = 4 supergravities. In particular, we
show how the embedding tensor contains the SU(1, 1) phases that were introduced
by de Roo and Wagemans to find ground states with non-vanishing cosmological
constant [66, 67, 78]. Note that the possibility of these SU(1, 1) phases was already
discussed in [81]. Similarly, the parameters that correspond to three-form fluxes in
compactifications from IIB supergravity [71, 72, 73, 74] are identified.
4.4.1 Purely electric gaugings
In the particular symplectic frame we have chosen – the one in which the electric
and magnetic vector fields each form a vector under SO(6, n) – the purely electric
gaugings are those for which f−MNP = 0 and ξαM = 0, thus only f+MNP is non-
vanishing. This is the class of theories that were constructed by Bergshoeff, Koh
and Sezgin [68]. As mentioned above the quadratic constraint in this case simplifies
to the Jacobi identity (4.9), which may alternatively be written as
f+R[M
Qf+NP ]
R = 0 . (4.42)
This is a constraint on f+MN
P = f+MNQη
QP only, but in addition the linear con-
straint f+MNP = f+[MNP ] has to be satisfied, such that the SO(6, n) metric ηMN
enters non-trivially into this system of constraints. The dimension of the gauge
group can at most be 6 + n, which is obvious in the case that we consider here
(M = 1, . . . , 6 + n), but which is also the general limit for arbitrary gaugings.
We first consider semi-simple gaugings. Let fab
c be the structure constants of
a semi-simple gauge group G, where a, b, c = 1 . . .dim(G), dim(G) ≤ 6 + n, then
ηab = fac
dfbd
c is the Cartan-Killing form and we can choose a basis such that it
becomes diagonal, i.e.
ηab = diag( 1, . . . ,︸ ︷︷ ︸
p
−1, . . .︸ ︷︷ ︸
q
) . (4.43)
We can only realize the gauge group G if we can embed its Lie algebra g0 = {va} into
the vector space of electric vector fields such that the preimage of ηMN agrees with
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ηab up to a factor. This puts a restriction on the signature of ηab, namely either p ≤ 6,
q ≤ n (case 1) or p ≤ n, q ≤ 6 (case 2). To make the embedding explicit we define
the index Mˆ with range Mˆ = 1 . . . p, 7 . . . 6 + q (case 1) or Mˆ = 1 . . . q, 7 . . . 6 + p
(case 2). We then have (ηMˆNˆ) = ±(ηab) and we can define
(f+MˆNˆPˆ ) = (fabc) , all other entries of f+MNP zero, (4.44)
where fabc = fab
dηdc. Since G is semi-simple fabc is completely antisymmetric and
thus f+MNP satisfies the linear and the quadratic constraint. For n ≤ 6 the possible
simple groups that can appear as factors in G are SU(2), SO(2, 1), SO(3, 1), SL(3),
SU(2, 1), SO(4, 1) and SO(3, 2). For larger n we then find SU(3), SO(5), G2(2),
SL(4), SU(3, 1), SO(5, 1), etc.
Apart from these semi-simple gaugings there are various non-semi-simple gaug-
ings that satisfy (4.42). Of those we only want to give an example. We can choose
three mutual orthogonal lightlike vectors aM , bM and cM and define f+MNP to be
the volume form on their span, i.e.
f+MNP = a[MbNcP ] . (4.45)
The vectors have to be linearly independent in order that f+MNP is non-vanishing.
The quadratic constraint is then satisfied trivially since it contains ηMN which is
vanishing on the domain of f+MNP . The gauge group turns out to be G = U(1)
3.
We can generalize this construction by choosing f+MNP to be any three-form that
has as domain a lightlike subspace of the vector space {vM}. All corresponding
gauge groups are Abelian.
None of the purely electric gaugings can have a ground state with non-vanishing
cosmological constant since the scalar potential (4.25) in this case is proportional to
M++ = Im(τ)−1. Therefore de Roo andWagemans introduced a further deformation
of the theory [66]. Starting from a semi-simple gauging as presented above they
introduced a phase for every simple group factor as additional parameters in the
description of the gauging. In the next subsection we will explain the relation of
these phases to our parameters fαMNP and show how these theories fit into our
framework.
4.4.2 The phases of de Roo and Wagemans
We now allow for f+MNP and f−MNP to be non-zero but keep ξMα = 0. The quadratic
constraint (4.4) then reads
fαR[MNfβPQ]
R = 0 , ǫαβfαMNRfβPQ
R = 0 . (4.46)
To find solutions we start from the situation of the last subsection, i.e. we assume
to have some structure constants fMNP = f[MNP ] that satisfy the Jacobi-identity
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fR[M
QfNP ]
R = 0. In addition we assume to have a decomposition of the vector space
{vM} into K mutual orthogonal subspaces with projectors PiMN , i = 1 . . .K, i.e.
such that for a general vector vM we have
vM =
K∑
i=1
PiM
NvN , η
MP
PiM
N
PjP
Q = 0 for i 6= j . (4.47)
Furthermore this decomposition shall be such that the three-form fMNP does not
mix between the subspaces, i.e. it decomposes into a sum of three-forms on each
subspace
fMNP =
K∑
i=1
f
(i)
MNP , f
(i)
MNP = PiM
Q
PiN
R
PiP
S fQRS . (4.48)
This implies that the gauge group splits into K factors G = G(1)×G(2)× . . .×G(K)
with f
(i)
MNP being the structure constant of the i-th factor, each of them satisfying
the above Jacobi-identity separately. Solutions of the constraint (4.46) are then
given by
fαMNP =
K∑
i=1
w(i)α f
(i)
MNP , w
(i)
α = (w
(i)
+ , w
(i)
− ) = (cosαi, sinαi), (4.49)
where the w
(i)
α could be arbitrary SL(2) vectors which we could restrict to have
unit length without loss of generality. The αi ∈ R, i = 1 . . .K, are the de Roo-
Wagemans-phases first introduces in [66]. In the following we use the abbreviations
ci = cosαi, si = sinαi. If K = 1 we find f+MNP and f−MNP to be proportional.
This case is equivalent to the purely electric gaugings of the last subsection since
one always finds an SL(2) transformation such that w
(1)
α becomes (1, 0).
For a semi-simple gauging as described in the last subsection there is a natural
decomposition of {vM} into mutual orthogonal subspaces and K equals the number
of simple factors in G. But the above construction also applies for non-semi-simple
gaugings.
We have mentioned above that every consistent gauging is purely electric in a
particular symplectic frame. Considering a concrete gauging it is therefore natural
to formulate the theory in this particular frame, and also the two-form gauge fields
then disappear from the Lagrangian. For those gaugings defined by (4.49) we may
perform the symplectic transformation
A˜M+µ =
K∑
i=1
ciPi
M
N A
N+
µ +
K∑
i=1
siPi
M
N A
N−
µ ,
A˜M−µ = −
K∑
i=1
siPi
M
N A
N+
µ +
K∑
i=1
ciPi
M
N A
N−
µ , (4.50)
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such that the covariant derivative depends exclusively on A˜M+µ
Dµ = ∇µ − g A˜µM+fMNP tNP . (4.51)
Note that the new electric vector fields A˜M+µ do not form a vector under SO(6, n),
but transform into A˜M−µ under this group. The Lagrangian in the new symplectic
frame reads
e−1L = 1
2
R + 1
8
(DµMMN)(D
µMMN)− 1
4 Im(τ)2
(Dµτ)(D
µτ ∗)
− 1
4
IMN F˜µνM+F˜µνN+ − 18 RMN ǫµνρλF˜M+µν F˜N+ρλ − g2V , (4.52)
and the scalar potential (4.25) takes the form [78]
V = 1
16
Im(τ)−1
K∑
i,j=1
(
cicj − 2Re(τ)cisj + |τ |2sisj
)
f
(i)
MNPf
(j)
QRS
×
[
1
3
MMQMNRMPS + (2
3
ηMQ −MMQ)ηNRηPS
]
− 1
18
K∑
i,j=1
cisjf
(i)
MNPf
(j)
QRSM
MNPQRS . (4.53)
The kinetic term of the vector fields involves the field strength
F˜µνM+ = 2∂[µA˜ν]M+ − g fNPM A˜[µN+A˜ν]P+ , (4.54)
and the scalar dependent matrices IMN and RMN which are defined by
(I−1)MN = 1
Im(τ)
K∑
i,j=1
(
cicj − 2Re(τ)cisj + |τ |2sisj
)
Pi
M
PPj
N
QM
PQ ,
RMN(I−1)NP = 1
Im(τ)
K∑
i,j=1
[−cisj + Re(τ)(sisj − cicj) + |τ |2sicj]PiMNPjPRMNR .
(4.55)
In general when going to the electric frame for an arbitrary gauging there is still a
topological term for the electric fields of the form AA∂A+AAAA [82], but here this
term is not present.
Comparing the scalar potential V for non-vanishing phases αi with that of the
last subsection we find it to have a much more complicated τ dependence and one
can indeed find gaugings where it possesses stationary points [76, 78].
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4.4.3 IIB flux compactifications
We now consider gaugings with an origin in type IIB supergravity. N = 4 super-
gravity can be obtained by an orientifold compactification of IIB [69, 70] and in the
simplest T 6/Z2 case this yields the ungauged theory with n = 6, i.e. the global sym-
metry group is G0 = SL(2)× SO(6, 6). Here, the SL(2) factor is the symmetry that
was already present in ten dimensions and SO(6, 6) contains the GL(6) symmetry
group associated with the torus T 6. The compactification thus yields the theory in
a symplectic frame in which SL(2) × GL(6) is realized off-shell. Turning on fluxes
results in gaugings of the theory that are purely electric in this particular symplectic
frame. This is the class of gaugings to be examined in this subsection.
An SO(6, 6) vector decomposes under GL(6) = U(1) × SL(6) into 6 ⊕ 6. The
vector fields Aµ
Mα split accordingly into electric ones Aµ
Λα and magnetic ones AµΛ
α
where Λ = 1 . . . 6 is a (dual) SL(6) vector index. The SO(6, 6) metric takes the form
ηMN =
(
ηΛΓ ηΛ
Γ
ηΛΓ η
ΛΓ
)
=
(
0 δΓΛ
δΛΓ 0
)
. (4.56)
The gauge group generators (4.7) split as XMα = (XΛα, X
Λ
α) and a purely electric
gauging satisfiesXΛα = 0. The tensors ξαM and fαMNP decompose into the following
representations
(2, 12) → (2, 6)⊕ (2, 6) ,
(2, 220) → (2, 6)⊕ (2, 20)⊕ (2, 84)⊕ (2, 84)⊕ (2, 20)⊕ (2, 6) . (4.57)
From (4.7) one finds that the condition XΛα = 0 demands most of these components
to vanish, only the (2, 20) and a particular combinations of the two (2, 6)’s are
allowed to be non-zero. Explicitly we find for the general electric gaugings in this
frame
ξαM = (ξαΛ, ξα
Λ) = (ξαΛ, 0) ,
fαMNP = (fαΛΓΣ, fαΛΓ
Σ, fαΛ
ΓΣ, fα
ΛΓΣ) = (fαΛΓΣ, ξα[Λδ
Σ
Γ], 0, 0) . (4.58)
This Ansatz automatically satisfies most of the quadratic constraints (4.4), the only
consistency constraint left is
f(α[ΛΓΣ ξβ)Ψ] = 0 . (4.59)
Thus for ξαΛ = 0 we find fαΛΓΣ to be unconstrained, i.e. every choice of fαΛΓΣ gives
a valid gauged theory. It turns out that fαΛΓΣ corresponds to the possible three-
form fluxes that can be switched on. These theories and extensions of them were
already described and analyzed in [71, 72]. It was noted in [83] that not all N = 4
models that come from T 6/Z2 orientifold compactifications can be embedded into
the N = 8 models from torus reduction of IIB, since for the latter the fluxes have
to satisfy the constraint fα[ΛΓΣfβΨ∆Ξ] = 0.
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Searching for solutions to the constraint (4.59) with ξαΛ non-vanishing one finds
that the possible solutions have the form
fαΛΓΣ = ξα[ΛAΓΣ] , or fαΛΓΣ = ǫ
βγ Bα[Λ ξβΓ ξγΣ] , (4.60)
with unconstraint ξαΛ, AΛΓ = A[ΛΓ] and BαΛ, respectively.
Theories with both fαMNP and ξαM non-zero were not yet considered in the
literature. For fαMNP = 0 the remaining quadratic constraints on ξαM demands it
to be of the form ξαM = vα wM , with vα arbitrary and wM lightlike, i.e. wMw
M = 0.
Thus for vanishing fαMNP the solution for ξαM is unique up to SL(2) × SO(6, n)
transformations. This solution corresponds to the gauging that can be obtained
from Scherk-Schwarz reduction from d = 5 with a non-compact SO(1, 1) twist, which
was constructed in [79] for the case of one vector multiplet. This suggests that in
certain cases non-vanishing ξαM corresponds to torsion on the internal manifold.
But this does not apply to the IIB reductions here since ξαΛ is a doublet under
the global SL(2) symmetry of IIB, while a torsion parameter should be a singlet.
We have shown that these theories with non-vanishing ξαΛ are consistent N = 4
supergravities, but their higher-dimensional origin remains to be elucidated.
The list of gauged N = 4 supergravities that were presented in this section
is, of course, far from complete. One could, for example, discuss other orientifold
compactifications of IIA and IIB supergravity, for all of which turning on fluxes
yields gauged theories in four dimensions [73, 74]. However, the examples discussed
were hopefully representative enough to show that indeed all the various gaugings
appearing in the literature can be embedded in the universal formulation presented
above. New classes of gaugings are those with both fαMNP and ξαM non-vanishing.
Every solution of the quadratic constraints (4.4) yields a consistent gauging . For
additional examples see [84].
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Chapter 5
The N = 4 supergravities in d = 5
Analogous to the presentation of the four-dimensional theory in the last chapter
we now describe the general five-dimensional gauged N = 4 supergravity1 The first
account of the ungauged N = 4 supergravity in d = 5 was given in [85], where
also the first gauging of the theory was already considered. Those gaugings for
which the gauge group is a product of a semi-simple and an Abelian factor were
already presented in [86], examples of this type were already known for a while
[87, 88, 89, 90, 91, 92]. Also some non-semi-simple gaugings were already constructed
[79]. Our presentation incorporates all these known gaugings and also includes new
ones. The construction of the general gaugings in this chapter follows closely the
one in [33] for the d = 5 maximal supergravities.
5.1 Embedding tensor and gauge fields
5.1.1 Linear and quadratic constraint
The global symmetry group of ungauged d = 5, N = 4 supergravity is G0 =
SO(1, 1) × SO(5, n), where n counts the number of vector multiplets. The theory
contains Abelian vector gauge fields that form one vector AMµ and one scalar A
0
µ
under SO(5, n). Note that the index M = 1 . . . 5 + n now is a vector index of
SO(5, n) while in the last chapter we used it for SO(6, n). The vector fields carry
SO(1, 1) charges 1/2 and −1, respectively, i.e.
δ0ˆA
M
µ =
1
2
AMµ , δ0ˆA
0
µ = −A0µ , (5.1)
where δ0ˆ denotes the SO(1, 1) action. The corresponding algebra generator is de-
noted t0ˆ while the SO(5, n) generators are tMN = t[MN ]. For the representations of
1We denote by N = 4 the half-maximal supergravity, although in five spacetime dimensions
this theory is sometimes referred to as N = 2.
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the vector gauge fields these generators explicitly read
tMN P
Q = δQ[MηN ]P , t0ˆM
N = −1
2
δNM , tMN 0
0 = 0 , t0ˆ0
0 = 1 . (5.2)
The covariant derivative (3.3) reads
Dµ = ∂µ − g AMµ ΘMNP tNP − g AMµ ΘM 0ˆ t0ˆ − g A0µΘ0NP tNP − g A0µΘ00ˆ t0ˆ . (5.3)
According to table 3.2 there are only three irreducible components of the embed-
ding tensor allowed in the present case. These three components are parameterized
by tensors fMNP = f[MNP ], ξMN = ξ[MN ] and ξM . In terms of these tensors the
embedding tensor reads
ΘM
NP = fM
NP + δ
[N
M ξ
P ] , ΘM
0ˆ = ξM , Θ0
MN = ξMN , Θ0
0ˆ = 0 . (5.4)
The covariant derivative becomes
Dµ = ∇µ − g AMµ fMNP tNP − g A0µ ξNP tNP − g AMµ ξN tMN − g AMµ ξM t0ˆ , (5.5)
where the indices are raised and lowered by using the SO(5, n) metric ηMN . In order
that the above expression is G0 invariant we need fMNP and ξM to carry SO(1, 1)
charge −1/2 and ξMN to have charge 1. By G0 invariance we again mean the formal
invariance treating the fMNP , ξMN and ξM as spurionic objects.
The quadratic constraints (3.5) on Θ yields the following constraint on fMNP ,
ξMN and ξM :
ξMξ
M = 0 , ξMNξ
N = 0 , fMNP ξ
P = 0 ,
3fR[MN fPQ]
R = 2f[MNP ξQ] , ξM
Q fQNP = ξM ξNP − ξ[N ξP ]M . (5.6)
This implies for example that ξM has to vanish for n = 0 since for an Euclidean
metric ηMN one has no lightlike vectors. In general, however, all three tensors may
be non-zero at the same time.
It is convenient to introduce a composite index M = {0, M} that combines all
vector gauge fields AMµ = (A
0
µ, A
M
µ ). The covariant derivate acts on an object in
the vector field representation as
Dµ Λ
M = ∇µ ΛM + g ANµ XNPM ΛP . (5.7)
We already introduced the gauge group generators XMNP = (XM)NP in section
3.1. In the present case they explicitly read
XMN
P = −fMNP − 1
2
ηMNξ
P + δP[MξN ] , XM0
0 = ξM , X0M
N = −ξMN , (5.8)
and all other components vanish. The quadratic constraint ensures that the XMNP
satisfy the condition (3.6) that guarantees the closure of the gauge group and iden-
tifies the XMNP themselves as generalized structure constants of the gauge group.
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For gaugings with only fMNP non-zero we see that this tensor is a structure constant
for a subgroup G of SO(5, n) that is gauged by using AMµ as vector gauge fields. If
only ξMN is non-zero we find a one-dimensional subgroup of SO(5, n) to be gauged
with gauge field A0µ. And for gaugings with only ξM non-zero one finds a 4 + n
dimensional gauge group SO(1, 1)⋉ SO(1, 1)3+n where the first factor involves the
SO(1, 1) of G0.
5.1.2 Vector and tensor gauge fields
We have already introduced the vector fields AMµ = (A
0
µ, A
M
µ ). In d = 5 the two-form
fields are introduced as dual to the vector fields, i.e. we have BµνM = (Bµν M , Bµν 0).
They also transform dual to the vector gauge field under G0, i.e. Bµν M is a vector
with SO(1, 1) charge −1/2 and Bµν 0 is a singlet carrying charge 1. In the gauged
theory we use both vector and two-form fields as free fields in the Lagrangian.
However, the latter do not have a kinetic term but couple to the vector fields via
a topological term and via Stu¨ckelberg type couplings in the vector field strengths.
The two-forms then turn out to be dual to the vectors fields due to their own
equations of motion [33]. This is analogous to the four dimensional case where the
two-forms turned out to be dual to scalars via the equations of motion.
To translate the general formulas of section 3.2 to the particular case of half-
maximal d = 5 supergravity we first need to give the tensors dIMN and Z
MI which
in the index conventions of the present chapter read dMNQ = d(MNQ) and ZMN =
Z [MN ]. The complete symmetry of dMNQ and the antisymmetry of ZMN was found
in section 3.2.3 to be crucial for the existence of an gauge invariant Lagrangian in
d = 5. For the present case these tensors are defined by
d0MN = dM0N = dMN0 = ηMN , all other components zero, (5.9)
and
ZMN = 1
2
ξMN , Z0M = −ZM0 = 1
2
ξM . (5.10)
From these definitions one finds (3.15) to be satisfied, i.e. in our present notation
X(MN )P = dMNQZPQ . (5.11)
This relation is the general formulation of the five-dimensional linear constraint.
One can show that the existence of ZPQ such that (5.11) is satisfied is equivalent to
the linear constraint (5.4) on the embedding tensor.
With the above definitions at hand we can now read of the covariant field
strengths of the vector and two-form gauge fields from equation (3.20). We find
HMµν = 2∂[µAMν] + gXNPMANµ APν + gZMNBµν N .,
ZMNHµνρN = ZMN
[
3D[µBνρ]N + 6 dNPQAP[µ
(
∂ν A
Q
ρ] +
1
3
g XRSQARν A
S
ρ]
)]
.
(5.12)
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These field strengths transform covariantly under the gauge transformations (3.22),
which in our particular case read
δAMµ = DµΛ
M − gZMNΞµN ,
∆BµνM =
(
2D[µΞν]M − 2dMNPHNµνΛP
)
, (5.13)
where ΛM and ΞµN are the gauge parameters and we use th the covariant variation
∆BµνM =
(
δBµνM − 2dMNPAN[µδAPν]
)
. (5.14)
The two-forms appear in the Lagrangian only projected with ZMN and thus we also
define their field strengths only under this projection. The two-forms thus decouple
from the theory in the ungauged limit g → 0. Also for the gauged theory there are
never all two-forms entering the Lagrangian. For example, for gaugings with only
fMNP non-zero we have Z
MN = 0 and thus no two-forms are needed at all.
5.2 The general Lagrangian
We have already introduced the vector fields AMµ and the two-form fields BµνM in the
last section. In addition the bosonic field content consists of the metric and of scalars
that form the coset SO(1, 1) × SO(5, n)/SO(5) × SO(n). The SO(1, 1) part of the
scalar manifold is simply described by one real field Σ that is a singlet under SO(5, n)
and carries SO(1, 1) charge −1/2. In addition we have the coset SO(5, n)/SO(5)×
SO(n) which is parameterized by a coset representative V = (VMm, VMa), where
m = 1 . . . 5 and a = 1 . . . n are SO(5) and SO(n) vector indices. Our conventions
for V here are the same as for the SO(6, n)/SO(6)× SO(n) coset representative we
had in four dimensions, see equations (4.17), (4.18) and (4.19) of the last chapter.
In addition to the symmetric matrix MMN = VVT and its inverse MMN we need
the completely antisymmetric scalar tensor
MMNPQR = ǫmnopqVMmVNnVP oVQpVRq . (5.15)
We now have all objects to give the bosonic Lagrangian of the general gauged
N = 4 supergravity in five dimensions
Lbos = Lkin + Ltop + Lpot . (5.16)
It consists of a kinetic part
e−1Lkin = 12 R− 14 Σ2MMN HMµν HN µν − 14 Σ−4H0µν H0 µν
− 3
2
Σ−2 (DµΣ)2 + 116 (DµMMN )(D
µMMN ) , (5.17)
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a topological part [33]
Ltop = − e
8
√
2
ǫµνρλσ
{
gZMNBµνM
[
DρBλσN + 4dNPQAP[ρ
(
∂λA
Q
σ] +
1
3
gXRSPARλ A
S
σ]
)]
− 8
3
dMNP AMµ ∂νA
N
ρ ∂λA
P
σ − 2 g dMNP XQRMANµ AQν ARρ ∂λAPσ
− 2
5
g2 dMNP XQRMXST P ANµ A
Q
ν A
R
ρ A
S
λ A
T
σ
}
, (5.18)
and a scalar potential
e−1Lpot = −g2V
=− g
2
4
[
ξMNP ξQRSΣ
−2 ( 1
12
MMQMNRMPS − 1
4
MMQηNRηPS + 1
6
ηMQηNRηPS
)
+ 1
4
ξMNξPQΣ
4
(
MMPMNQ − ηMPηNQ)+ ξMξNΣ−2MMN
+ 1
3
√
2ξMNP ξQRΣM
MNPQR
]
. (5.19)
For ξM = 0 this scalar potential agrees with the one given in [86]. The topological
term Ltop is a special case of equation (3.33) which gave Ltop for a general five-
dimensional theory. This topological term seems complicated, but its variation with
respect to the vector and tensor gauge fields takes a simple and covariant form
δLtop = e
4
√
2
ǫµνρλσ
(
1
3
g ZMN H(3)µνρM∆BλσN + dMNP HMµν HNρλ δAPσ
)
+ tot. deriv. ,
(5.20)
Under gauge transformations (5.13) the Lagrangian is invariant up to a total deriva-
tive.
Varying the two-forms in the Lagrangian yields the equation of motion
ZMN
(
1
6
√
2
ǫµνρλσHρλσN −MNPHPµν
)
= 0 , (5.21)
where we have used
MMN ≡
(
Σ−4 0
0 Σ2MMN
)
. (5.22)
Due to equation (5.21) the two-forms become dual to the vector gauge fields as was
announced above.
5.3 Killing spinor equations
We now turn to the fermions of the five dimensional theory in order to give the
Killing spinor equations. The fermions come in representations of the maximal
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compact subgroup H = USp(4)× SO(n) of G0, where USp(4) is the covering group
of SO(5). In the gravity multiplet there are four gravitini ψµi and four spin 1/2
fermions χi, both vectors under USp(4) and singlets under SO(n), i = 1 . . . 4. In the
n vector multiplets there are 4n spin 1/2 fermions λai which form a vector under both
USp(4) and SO(n), a = 1 . . . n. All fermions are pseudo-Majorana, i.e. they satisfy
a pseudo-reality constraint of the form ξi = ΩijC(ξ¯
j)T , where Ωij is the USp(4)
invariant symplectic form and C is the charge conjugation matrix.
The coset representative VMm transforms as a 5 under USp(4) and can alterna-
tively be expressed as VMij = VM [ij] subject to
VMijΩij = 0 , (VMij)∗ = ΩikΩjlVMkl . (5.23)
Under supersymmetry transformations parameterized by ǫi = ǫi(x) we have
δψµi = Dµǫi − i
6
(
ΩijΣVMjkHMνρ − 14
√
2 δki Σ
−2H0νρ
) (
Γµ
νρ − 4δνµΓρ
)
ǫk
+
ig√
6
Ωij A
jk
1 Γµ ǫk ,
δχi = −12
√
3 i (Σ−1DµΣ)Γµǫi − 16
√
3
(
ΣΩij VMjkHMµν + 12
√
2Σ−2 δki H0µν
)
Γµνǫk
+
√
2 gΩij A
kj
2 ǫk ,
δλai = iΩ
jk (VMaDµVijM)Γµǫk − 14 ΣVMaHMµν Γµν ǫi +
√
2 gΩij A
akj
2 ǫk . (5.24)
Here we have neglected higher order fermion terms. These fermion variations could
formally be read off from [86]. But the fermion shift matrices A1ij , A2ij and A
a
2ij
which are defined below now include contributions from the vector ξM .
Using VMa and VMij we can define from fMNP , ξMN and ξM scalar dependent
tensors that transform under H . The vector ξM gives
τ ij = Σ−1VMij ξM , τa = Σ−1VMa ξM , (5.25)
from the 2-form ξMN one gets
ζ ij =
√
2Σ2Ωkl VMikVNjl ξMN , ζaij = Σ2VMaVN ij ξMN , (5.26)
and the 3-form fMNP yields
ρij = −2
3
Σ−1V ikMVjlNVP kl fMNP , ρaij =
√
2Σ−1 Ωkl VMaVNikVP jl fMNP ,
(5.27)
where λij = λ[ij], ζ ij = ζ (ij), ζaij = ζa[ij], ρij = ρ(ij), ρaij = ρa(ij). 2 The above
tensors are the irreducible components of the T -tensor introduced for the general
2 Our notation translates into that of [86] as follows: aµ = A
0
µ, Λ
M
N =
g
gA
ξMN , f
P
MN =
− g
gS
fMN
P , Uij = − g6gA ζij , V aij = −
g√
2gA
ζaij , Sij =
g
3gS
ρij , T
a
ij =
g√
2gS
ρaij .
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case in equation (3.44). As explained in section 3.3 these irreducible components
are used to define the the fermion shift matrices. In our case one finds
Aij1 =
1√
6
(−ζ ij + 2ρij) ,
Aij2 =
1√
6
(
ζ ij + ρij + 3
2
τ ij
)
,
Aaij2 =
1
2
(
−ζaij + ρaij − 1
4
√
2 τa Ωij
)
. (5.28)
According to section 3.3 these matrices do not only appear in the fermion variations
but also in the fermion mass terms that have to appear in the Lagrangian of the
gauged theory
e−1Lf.mass =
√
6 i g
4
ΩkiA
ij
1 ψ¯
k
µΓ
µνψν j +
√
2 gΩkj A
ji
2 ψ¯
k
µΓ
µχi +
√
2 gΩkj A
jia
2 ψ¯
k
µΓ
µλai .
(5.29)
Note that we have only given those terms that involve the gravitini. Supersymmetry
imposes the condition (3.41) on the fermion shift matrices, which here reads
Ωkl
(
Aik1 A
jl
1 − Aik2 Ajl2 − Aaik2 Aajl2
)
= −1
4
ΩijV , (5.30)
where the scalar potential appears on the right hand side. Again, this condition is
satisfied as a consequence of the quadratic constraint (5.6).
5.4 Dimensional reduction from d = 5 to d = 4
Starting from a five dimensional supergravity one can perform a (twisted) circle
reduction to get a four dimensional supergravity. For the maximal gauged super-
gravities this was discussed in [93] for Scherk-Schwarz reductions from d = 5. We
consider N = 4 supergravities here and restrict our attention to simple circle re-
ductions starting with a five-dimensional theory that is already gauged. Any five
dimensional gauging described by fMNP , ξMN and ξM must give rise to a particular
four dimensional gauging characterized by fαMNP and ξαM . In other words the set
of five dimensional gaugings is embedded into the set of four dimensional gaugings
and we now want to make this embedding explicit. This yields additional exam-
ples of four dimensional gaugings, but it is also interesting in the context of string
dualities in presence of fluxes since the two tensors fMNP and ξMN in d = 5 turn
out to be parts of the single tensor fαMNP under the larger duality group in d = 4.
Thus, as usual, one gets a more unified description of gaugings with different higher
dimensional origin when compactifying the supergravity theory further. With all
the group structure at hand it is not necessary to explicitly perform the dimensional
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reduction but we can read off the connection from the formulas for the covariant
derivatives (4.2) and (5.5) (that is from the embedding tensor).
A five dimensional theory with n vector multiplets yields a four dimensional
theory with n + 1 vector multiplets. One way to understand that is by counting
scalar fields. There are 5n + 1 scalars already present in five dimensions and in
addition one gets one scalar from the metric and 6 + n scalars form the vector
fields which gives 6n+ 8 in total and agrees with the number of scalars in the coset
SL(2)×SO(6, n+1)/SO(2)×SO(6)×SO(n+1). When breaking the SO(6, n+1) into
SO(1, 1)A×SO(5, n) the vector representation splits into an SO(5, n) vector vM and
two scalars v⊕ and v⊖ with charges 0, 1/2 and −1/2, respectively, under SO(1, 1)A.
When breaking the SL(2) into SO(1, 1)B the vector splits into two scalars v
+ and
v− with charges 1/2 and −1/2 under SO(1, 1)B. The four dimensional vector fields
therefore split into AM+µ , A
M−
µ , A
⊕+
µ , A
⊕−
µ , A
⊖+
µ and A
⊖−
µ . We can now identifying
the five dimensional vector fields as
AMµ = A
M+
µ , A
0
µ = A
⊖−
µ , (5.31)
and these fields carry charges 1/2 and −1 under the diagonal of SO(1, 1)A and
SO(1, 1)B and the five dimensional SO(1, 1) therefore has to be this diagonal. Thus
the five dimensional global symmetry generators are given in terms of the four
dimensional ones as follows
t0ˆ = t
SL(2)
+− + t
SO(6,n+1)
⊖⊕ , tMN = t
SO(6,n+1)
[MN ] . (5.32)
The vector fields AM−µ , A
⊕+
µ are the four dimensional duals of A
M+
µ and A
⊖−
µ , they
come from the two-form gauge fields in five dimensions. The vector fields A⊕−µ and
A⊖+µ are uncharged under the five dimensional SO(1, 1), they are the Kaluza-Klein
vector coming from the metric and its dual field.
Now, if a four dimensional vector field that was already a vector field in five
dimensions (5.31) gauges a four dimensional symmetry that was already a symmetry
in five dimensions (5.32) the corresponding gauge coupling in the covariant derivative
in d = 4 has to be the same as in d = 5. For the four dimensional covariant derivative
(4.2) one finds
Dµ = ∇µ − g AµM+
(
Θ+M
NP tNP + 2f+M
⊖⊕t⊖⊕ + ξ+Mt+−
)
− g Aµ⊖−
(
f−⊖NP tNP + ξ−⊖t⊖⊕ − ξ−⊖t+−
)
+Daddµ , (5.33)
where ΘαMNP is defined in (4.21)
3 and Daddµ denotes exclusively four dimensional
contributions to the covariant derivative. By comparing with the known covariant
derivative in five dimensions (5.5) one gets
ξ+M = ξM , f+M⊕⊖ = 12 ξM , f−⊖MN = ξMN , f+MNP = fMNP . (5.34)
3 Note that what we called n in section 4 is now n + 1 and the index M now is an SO(5, n)
vector index rather than a SO(6, n+ 1) index.
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For a simple circle reduction it is natural to demand furthermore f±MN⊕ = 0,
f+MN⊖ = 0, f−MNP = 0, f−M⊕⊖ = 0, ξ−M = 0, ξ±⊕ = 0 and ξ±⊖ = 0. Some
of the last quantities, however, may be non-zero for more complicated dimensional
reductions and may then for example correspond to Scherk-Schwarz generators [79].
But for the ordinary circle reduction we have just given the embedding of the five
dimensional gaugings into the four dimensional ones. In addition to the above
equations we have to make sure that fαM˜N˜P˜ is totally antisymmetric in the last
three indices (M˜ = {M,⊕,⊖}). One can then show that for these tensors fαM˜N˜P˜
and ξαM˜ the four dimensional quadratic constraint (4.4) becomes precisely the five
dimensional one (5.6) for fMNP , ξMN and ξM . Also the four and the five dimensional
scalar potentials (4.25), (5.19) become the same if all scalars that are not yet present
in d = 5 are set to the origin4.
Due to the antisymmetry of fαM˜N˜P˜ one finds the following additional terms in
the d = 4 covariant derivative:
Daddµ = −g AµM−
(
2ξM
N tN⊖ + ξM t−−
)
+ g Aµ
⊖+ ξN (tN⊖ − tN⊕) + g Aµ⊕+ ξN (tN⊖ + tN⊕) . (5.35)
These are couplings of vector fields to symmetry generators that both only occur in
four dimensions. If one explicitly performs the dimensional reduction by hand these
gauge couplings originate from the dualization of the various fields.
Thus, we showed how the gaugings of N = 4 supergravity in five dimensions
are naturally embedded into the four dimensional ones by dimensional reduction.
Noteworthy, the five dimensional gaugings are parameterized in terms of three ten-
sors fMNP , ξMN and ξM while the four dimensional ones are parameterized in terms
of two tensors fαMNP and ξαM only. Thus with decreasing spacetime dimension
one finds not only a larger duality group but also a more uniform description of
the deformations. This is the typical picture of dualities in string theory where
dimensional reduction relates theories with different higher-dimensional origin.
4 The equality of the scalar potentials is most easily checked at the origin M = 1. If the
potentials do agree there for all possible gaugings the statement is already proven due to the
SO(1, 1)× SO(5, n) covariance of the construction.
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Chapter 6
The maximal supergravities in
d = 7
In this chapter the general gauging of seven-dimensional maximal supergravity is
presented. Examples of these theories can be obtained by sphere reductions of
M-theory or of type IIA or IIB supergravity which lead to gauge groups SO(5),
CSO(4, 1), and SO(4), respectively. All the known gaugings as well as a number
of new examples are incorporated in our formulation. In particular, we obtain the
theory with gauge group SO(4) that originates from a (warped) S3 reduction of type
IIB supergravity.
6.1 Embedding tensor and gauge fields
6.1.1 Linear and quadratic constraint
The global symmetry group of the ungauged seven-dimensional theory is G0 =
E4(4) = SL(5). Its 24 generators t
M
N are labeled by indices M,N = 1, . . . , 5 with
tMM = 0 and satisfy the algebra[
tMN , t
P
Q
]
= δPN t
M
Q − δMQ tPN . (6.1)
The vector fields A
MN
µ = A
[MN ]
µ of the ungauged theory transform in the represen-
tation 10 of SL(5), so that δA
MN
µ = 2ΛP
[M
A
N ]P
µ . The covariant derivatives (3.3)
takes the form
Dµ = ∇µ − gAMNµ ΘMN,PQ tPQ , (6.2)
We already discussed the linear constraint on the embedding tensor ΘMN,P
Q in
section 3.1. According to table 3.1 only two of the four irreducible components of
ΘMN,P
Q are allowed to be non-zero. These two components are a 15, described by a
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symmetric matrix YMN = Y(MN), and a 40, described by a tensor Z
MN,P = Z [MN ],P
with Z [MN,P ] = 0. In terms of these tensors the embedding tensor is given by
ΘMN,P
Q = δQ[M YN ]P − 2ǫMNPRS ZRS,Q . (6.3)
The quadratic constraint (3.5) on the embedding tensor reduces to the following
condition on YMN and Z
MN,P :
YMQZ
QN,P + 2ǫMRSTU Z
RS,NZTU,P = 0 , (6.4)
In terms of SL(5) representations this quadratic constraint has different irreducible
parts in the 5, the 45, and the 70 representation. In particular, they give rise to
the relations
ZMN,P YPQ = 0 , Z
MN,P XMN = 0 . (6.5)
The second equation of these equations already carries the full content of the
quadratic constraint. The gauge group generators XMN = X[MN ] are given by
XMN = ΘMN,P
Q tPQ . (6.6)
They can be taken in an a an arbitrary representation. Acting on the 5 and 10 of
SL(5) they read
(XMN)P
Q = ΘMN,P
Q = δQ[M YN ]P − 2ǫMNPRS ZRS,Q ,
(XMN)PQ
RS = 2(XMN)[P
[R
δ
S]
Q] . (6.7)
Summarizing, a consistent gauging of the seven-dimensional theory is defined by an
embedding tensor ΘMN,P
Q satisfying a linear and a quadratic SL(5) representation
constraint which schematically read(
P10 + P175
)
Θ = 0 ,(
P5 + P45 + P70
)
ΘΘ = 0 . (6.8)
The first of these equations can be explicitly solved in terms of two tensors YMN
and ZMN,P leading to (6.3); the quadratic constraint then translates into the con-
ditions (6.4) on these tensors. In the rest of this chapter we will demonstrate that
an embedding tensor Θ solving equations (6.8) defines a consistent gauging in seven
dimensions.
6.1.2 Vector and tensor gauge fields
In the Lagrangian of ungauged d = 7 maximal supergravity one in addition to the
vector fields AMNµ has two-form fields fields Bµν M that transform in the 5 of SL(5)
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[94]. On-shell one can introduce the dual gauge fields. Dual to the two-forms there
are three forms SµνρM in the 5 representation. In the gauged theory these three-
forms are present at the level of the Lagrangian. They appear via Stu¨ckelberg type
couplings in the field strengths of the two-form gauge fields and are necessary for
the gauge invariance of these field strengths. They will always appear projected
under YMN , i.e. for ΘMN,P
Q = 0 they will decouple and the ungauged theory is
recovered. For the general case this system of vector and tensor gauge fields was
already introduced in section 3.2. The formulas given there shall now be specialized
to the present context.
The tensors dIMN and c
AI
M of section 3.2 are now given by
dT,[MN ][PQ] = ǫTMNPQ , c
MN
[PQ] = − δ[M[P δN ]Q] . (6.9)
Comparing equations (3.18) and (6.3) shows that YIA and Z
MI of section 3.2 are
identified with the tensors YMN and Z
MN,P introduced above. The relation (3.15)
then translates into
(XMN)PQ
RS + (XPQ)MN
RS = 2ZRS,T dT,[MN ][PQ] , (6.10)
With these identifications the covariant field strengths (3.20) for the gauge fields are
given by
H(2)MNµν = 2∂[µAMNν] + g(XPQ)RSMNAPQ[µ ARSν] + gZMN,PBµνP ,
H(3)µνρM = 3D[µBνρ]M + 6ǫMNPQRANP[µ
(
∂νA
QR
ρ] +
2
3
gXST,U
QARUν A
ST
ρ]
)
+ gYMNS
N
µνρ ,
YMN H(4)Nµνρλ = YMN
(
4D[µ S
N
νρλ] + 6FNP[µν Bρλ]P + 3gZNP,QB[µν PBρλ]Q
+ 8ǫPQRSTA
NP
[µ A
QR
ν ∂ρA
ST
λ] + 4gǫPQRVWXST,U
VANP[µ A
QR
ν A
ST
ρ A
UW
λ]
)
.
(6.11)
These field strengths transform covariantly under vector and tensor gauge transfor-
mations (3.22) which read for the present case
∆AMNµ = DµΛ
MN − gZMN,PΞµP ,
∆Bµν M = 2D[µΞν]M − 2ǫMNPQRH(2)NPµν ΛQR − gYMNΦNµν ,
YMN ∆S
N
µνρ = YMN
(
3D[µΦ
N
νρ] − 3H(2)NP[µν Ξρ]P +H(3)µνρPΛPN
)
, (6.12)
with gauge parameters ΛMN , ΞµM , and Φ
M
µν , corresponding to vector and tensor
gauge transformations, respectively. The covariant variations (3.11) take the form
∆AMNµ ≡ δAMNµ ,
∆Bµν M ≡ δBµν M − 2ǫMNPQRANP[µ δAQRν] ,
YMN ∆S
N
µνρ ≡ YMN
(
δSNµνρ − 3B[µν P δAPNρ] + 2ǫPQRSTANP[µ AQRν δASTρ]
)
. (6.13)
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The gauge transformations (6.12) consistently close into the algebra (3.24). For
g → 0 one recovers from (6.12) the vector and tensor gauge transformations of the
ungauged theory [94]. The action of the tensor gauge transformations eventually
allows to eliminate some of the vector and tensor gauge fields by fixing part of the
gauge symmetry. We will discuss this in more detail in section 6.4.1.
The deformed Bianchi identities (3.26) read in the present context
D[µH(2)MNνρ] =
1
3
gZMN,PH(3)µνρ P ,
D[µH(3)νρλ]M =
3
2
ǫMNPQRH(2)NP[µν H(2)QRρλ] +
1
4
gYMN H(4)Nµνρλ . (6.14)
There is a unique gauge invariant topological Lagrangian in seven dimensions
that combines vector and tensor fields in such a way that it is invariant under the
full set of non-Abelian vector and tensor gauge transformations (6.12) up to total
derivatives. The leading terms of this Lagrangian were already given in (3.35),
Completely it reads
LVT = −1
9
ǫµνρλστκ[
gYMNS
M
µνρ
(
DλS
N
στκ +
3
2
gZNP,QBλσ PBτκQ + 3FNPλσ Bτκ P
+ 4ǫPQRSTA
NP
λ A
QR
σ ∂τA
ST
κ + gǫPQRWXXST,UV
WXANPλ A
QR
σ A
ST
τ A
UV
κ
)
+ 3gZMN,P (DµBνρM)BλσNBτκP − 9
2
FMNµν BρλMDσBτκN
+ 18ǫMNPQRFMVµν ANPρ
(
∂λA
QR
σ +
2
3
gXST,U
QARUλ A
ST
σ
)
BτκV
+ 9gǫMNPQRZ
MV,WANPµ
(
∂νA
QR
ρ +
2
3
gXST,U
QARUν A
ST
ρ
)
Bλσ VBτκW
+
36
5
ǫMPQTU ǫNRSVWA
MN
µ A
PQ
ν A
RS
ρ (∂λA
TU
σ )(∂τA
VW
κ )
+ 8gǫMPQRS ǫNTUZAXVW,XY
ZAAMNµ A
PQ
ν A
TU
ρ A
VW
λ A
XY
σ ∂τA
RS
κ
− 4
7
g2ǫMPQBC ǫNVWDEXRS,TU
BCXXY,ZA
DEAMNµ A
PQ
ν A
RS
ρ A
TU
λ A
VW
σ A
XY
τ A
ZA
κ
]
.
(6.15)
As g → 0 this topological term reduces to the SL(5) invariant Chern-Simons term
of the ungauged theory [94]. Under variation of the vector and tensor fields, the
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topological Lagrangian LVT transforms as
δLVT =− 1
18
ǫµνρλστκ
[
YMN H(4)Mµνρλ ∆SNστκ + 6H(2)MNµν H(3)ρλσM ∆BτκN
− 2H(3)µνρMH(3)λστN ∆AMNκ
]
+ total derivatives , (6.16)
in terms of the covariant variations (6.13). With (6.12) one explicitly verifies that
this variation reduces to a total derivative. To show this one needs the deformed
Bianchi identities (6.14) as well as the SL(5) relation
R
[MN
1 R
PQ
2 R
R]S
3 +R
[MN
2 R
PQ
3 R
R]S
1 +R
[MN
3 R
PQ
1 R
R]S
2 = 0 , (6.17)
for arbitrary tensors RMN1,2,3 = R
[MN ]
1,2,3 .
1
6.2 Coset space structure and the T -tensor
In this section we introduce the scalar sector of maximal seven-dimensional su-
pergravity, which is described in terms of the scalar coset space SL(5)/SO(5). This
allows to manifestly realize the global SL(5) symmetry of the ungauged theory while
the local SO(5) ∼ USp(4) symmetry coincides with the R-symmetry of the theory.
For the gauged theory we further introduce the T -tensor as the USp(4) covariant
analog of the embedding tensor Θ.
6.2.1 The SL(5)/SO(5) coset space
The scalar fields in seven dimensions parameterize the coset space SL(5)/SO(5).
They are most conveniently described by a matrix V ∈ SL(5) which transforms
according to
V → GV H(x) G ∈ SL(5), H(x) ∈ SO(5) , (6.18)
under global SL(5) and local SO(5) transformations, respectively (see [13] for an in-
troduction to the coset space structures in supergravity theories). The local SO(5)
symmetry reflects the coset space structure of the scalar target space, the corre-
sponding connection is a composite field. One can impose a gauge condition with
respect to the local SO(5) invariance which amounts to fixing a coset representative,
i.e. a minimal parameterization of the coset space in terms of the 14 = 24 − 10
physical scalars. This induces a nonlinear realization of the global SL(5) symmetry
1In terms of representations, this is the statement that the threefold symmetric product of three
10 representations of SL(5) does not contain a 5.
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obscuring the group theoretical structure and complicating the calculations. It is
therefore most convenient to postpone this gauge fixing till the end.
In particular, the formulation (6.18) is indispensable to describe the coupling
to fermions with the group SO(5) ∼ USp(4) acting as the R-symmetry group of
the theory. For USp(4) we use indices a, b, . . . = 1, . . . , 4 to label its fundamental
representation. The USp(4) invariant symplectic form Ωab has the properties
Ωab = Ω[ab] (Ωab)
∗ = Ωab ΩabΩcb = δca . (6.19)
The lowest “bosonic” USp(4) representations are defined in terms of the fundamental
representation ( ) with index structures according to
1 : · V1
5 : V5
ab = V5
[ab] , ΩabV5
ab = 0 ,
10 : V10
ab = V10
(ab) ,
14 : V14
ab
cd = V14
[ab]
[cd] , V14
ab
cb = 0 , ΩabV14
ab
cd = 0 = Ω
cdV14
ab
cd ,
35 : V35
ab
cd = V35
[ab]
(cd) , V35
ab
cb = 0 , ΩabV35
ab
cd = 0 . (6.20)
All objects in these representations are pseudo-real, i.e. they satisfy reality con-
straints
(V1)
∗ = V1 , (V5ab)∗ = ΩacΩbdV5cd , (V14abcd)
∗ = ΩaeΩbfΩcgΩdh V14ef gh , (6.21)
etc. We use complex conjugation to raise and lower USp(4) indices. According to
(6.21) pseudo-real objects are defined such that their indices are equivalently raised
and lowered using Ωab and Ω
ab.
Under its sub-algebra usp(4) the algebra sl(5) splits as 24 → 10 + 14 into its
compact and non-compact part, respectively. The elements L = LM
N tMN accord-
ingly decompose as
Lab
cd = 2Λ[a
[c
δ
d]
b] + Σ
cd
ab . (6.22)
The SL(5) vector indices M are now represented as antisymmetric, symplectic
traceless index pairs [ab] of USp(4). In accordance with (6.20), Λ and Σ satisfy
Λ[a
cΩb]c = 0, Σ
ab
cb = 0, Σ
ab
cdΩ
cd = 0 = Ωab Σ
ab
cd. Note that this in particular
implies the relation
ΩaeΩbfΣ
ef
cd = ΩceΩdfΣ
ef
ab , (6.23)
i.e. viewed as a 5 × 5 matrix Σ is symmetric. In the split (6.22), the commutator
(6.1) between two elements L1 = (Λ1,Σ1), L2 = (Λ2,Σ2) takes the form
[L1, L2] = L , (6.24)
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with L = (Λ,Σ) according to
Λa
b = Σ1
de
ac Σ2
bc
de − Σ2deac Σ1bcde + Λ1 ac Λ2 cb − Λ2 ac Λ1 cb ,
Σcdab = − 2Σ1e[cab Λ2 ed] + 2Σ1cde[aΛ2 b]e + 2Σ2e[cab Λ1 ed] − 2Σ2cde[aΛ1 b]e . (6.25)
The scalars of the supergravity multiplet parameterize the coset space SL(5)/SO(5).
They are described by an SL(5) valued matrix VMab = VM [ab] with VMabΩab = 0.
Infinitesimally, the transformations (6.18) take the form
δVMab = LMNVNab + 2VMc[aΛcb](x) , L ∈ sl(5) , Λ(x) ∈ usp(4) . (6.26)
The gauged theory is formally invariant under SL(5) transformations only if the em-
bedding tensor (6.6) is treated as a spurionic object that simultaneously transforms
under SL(5). Once Θ is frozen to a constant, the theory remains invariant under
local G0 × USp(4) transformations
δVMab = gΛPQ(x)XPQ,MN VNab + 2VMc[aΛcb](x) , (6.27)
parameterized by matrices ΛMN(x) and Λa
b(x), respectively.
The inverse of VMab is denoted by VabM , i.e.
VMabVabN = δNM , VabMVMcd = δcdab −
1
4
ΩabΩ
cd . (6.28)
Later on we need to consider the variation of V, for example in order to derive
field equations from the Lagrangian or to minimize the scalar potential. Since V is
a group element, an arbitrary variation can be expressed as a right multiplication
with an algebra element of SL(5)
δVMab = VMcdLcdab(x) = VMcdΣabcd(x)− 2VMc[aΛcb](x) .
Since the last term simply describes a USp(4) gauge transformation which leaves
the Lagrangian invariant it will be sufficient to consider general variations of the
type
δΣVMab = VMcdΣabcd(x) . (6.29)
The 14 parameters of Σ correspond to variation along the manifold SL(5)/SO(5).
Finally, we introduce the scalar currents Pµ and Qµ that describe the gauge
covariant space-time derivative of the scalar fields. Taking values in the Lie algebra
sl(5) they are defined as
VabM
(
∂µVMcd − gAPQµ XPQ,MNVNcd
) ≡ Pµabcd + 2Qµ [a[cδd]b] , (6.30)
in accordance with the split (6.22). The transformation behavior of these currents
is derived directly from (6.27) and shows that they are invariant under local G0
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transformations. Under local USp(4) transformations (6.26), Pµab
cd transforms in
the 14, while Qµa
b transforms like a USp(4) gauge connection
δQµa
b = DµΛa
b = ∇µΛab +QµacΛca −Qµ cbΛac . (6.31)
Thus Qµ takes the role of a composite gauge field for the local USp(4) symmetry and
as such it appears in the covariant derivatives of all objects that transform under
USp(4), for example
Dµψ
a = ∇µψa −Qµ baψb
DµPν ab
cd = ∇µPν abcd + 2Qµ e[cPν abd]e − 2Qµ [aePνb]ecd
DµVMab = ∇µVMab + 2Qµ c[aVb]cM − gAPQµ XPQMNVNab = VMcd Pµ cdab , (6.32)
where ψa is an arbitrary object in the fundamental representation of USp(4).
6.2.2 The T -tensor
All bosonic fields of the theory come in representations of SL(5) while all fermionic
fields come in representations of USp(4). The object mediating between them is
the scalar matrix VMab. e.g. it is convenient to define the USp(4) covariant field
strengths
H(2)abµν ≡
√
2Ωcd VMacVNbdH(2)MNµν , H(3)µνρ ab ≡ VabM H(3)µνρM , (6.33)
which naturally couple to the fermion fields. More generally, the scalar matrix VMab
maps tensors RM and S
M in the SL(5) representations 5 and 5, respectively, into
(scalar field dependent) tensors R[ab], S
[ab] in the 5 of USp(4) as
R[ab] = VabMRM , S [ab] = VMab SM . (6.34)
Similarly, tensors RMN , S
MN in the SL(5) representations 10 and 10, respectively,
give rise to (scalar field dependent) tensors R(ab), S
(ab) in the 10 of USp(4) as follows
Rab =
√
2Ωcd VacMVbdN RMN ⇔ RMN = −
√
2VMabVNcd δe[aΩb][cδfd]Ref ,
Sab =
√
2ΩcdVMacVNbdSMN ⇔ SMN = −
√
2VabMVcdN δ[ae Ωb][cδd]f Sef , (6.35)
where the normalization is chosen such that RabS
ab = RMNS
MN .
Applying the analogous map to the embedding tensor ΘMN,P
Q (6.3) leads to the
T -tensor [48]
T(ef) [ab]
[cd] ≡
√
2VMegVNfh Ωgh VP abΘMN,PQ VQcd
=
√
2Ω
h[c
δ
d]
(e VMf)h VNab YMN
− 2
√
2 ǫMNPQR Z
PQ,S VMegVNfh VRab VScdΩgh . (6.36)
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We shall see in the next section, that this tensor encodes the fermionic mass matrices
as well as the scalar potential of the Lagrangian. This has first been observed for
the T -tensor in the maximal D = 4 supergravity [54].
Recall that the components YMN and Z
MN,P of Θ transform in the 15 and the
40 of SL(5), respectively. Under USp(4) they decompose as
15+ 40 → (1 + 14) + (5+ 35) . (6.37)
Accordingly, the T -tensor can be decomposed into its four USp(4) irreducible com-
ponents that we denote by B, B[ab][cd], C[ab], and C
[ab]
(cd), respectively, with index
structures according to (6.20). This yields
T(ef) ab
cd = 1
2
B Ωa(e δ
[c
f)δ
d]
b − 12BΩb(e δ[cf)δd]a + δ[c(e Ωf)g Bd]gab
+ 1
2
Ca(e δ
[c
f)δ
d]
b − 12 Cb(e δ[cf)δd]a − 18ΩcdCa(e Ωf)b + 18ΩcdCb(e Ωf)a
+ 1
4
ΩabCg(e δ
[c
f) Ω
d]g
+ 1
2
Ωe[aC
cd
b]f +
1
2
Ωf [a C
cd
b]e +
1
4
Ωab C
cd
ef . (6.38)
In appendices C.1, C.2 we present a more systematic account to these decomposi-
tions in terms of USp(4) projection operators which simplify the calculations. In
particular, the parameterization (6.38) takes the compact form (C.13).
For the components YMN and Z
MN,P the parameterization (6.38) yields explicitly
YMN = VMabVNcd Yab,cd , ZMN,P =
√
2VabMVcdNVefPΩbdZ(ac)[ef ] ,
with Yab,cd =
1√
2
[
(ΩacΩbd − 14ΩabΩcd)B + ΩaeΩbfB[ef ][cd]
]
,
Z(ab)[cd] = 1
16
Ωa[cCd]b + 1
16
Ωb[cCd]a − 1
8
ΩaeΩbfCcdef , (6.39)
where Cab = ΩacΩbdCcd. Note that Θ and thus YMN and Z
MN,P are constant
matrices. In contrast, the T -tensor and thus the tensors B, C are functions of the
scalar fields. It is useful to give also the inverse relations
B =
√
2
5
ΩacΩbdYab,cd ,
Babcd =
√
2
[
ΩaeΩbfδghcd − 15
(
δabcd − 14ΩabΩcd
)
ΩegΩfh
]
Yef,gh ,
Cab = 8ΩcdZ
(ac)[bd] ,
Cabcd = 8
(−ΩceΩdf δabgh + Ωg(cδabd)eΩfh)Z(ef)[gh] . (6.40)
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Under the variation (6.29) of the scalar fields, these tensors transform as
δΣB = −25 ΣabcdBcdab ,
δΣB
ab
cd = −2B Σabcd − ΣabghBghcd − ΣghcdBabgh + 25(δabcd − 14ΩabΩcd)Σef ghBghef ,
δΣ C
ab = 1
2
ΣabcdC
cd + 2Ωe[aΣb]f cdC
cd
ef ,
δΣ C
ab
cd = 4Ω
g[aΣb]hg(c Cd)h + Ω
g[a
δ
b]
(c Σ
kh
d)g Ckh + Ω
gk δ
[a
(c Σ
b]h
d)g Ckh
+ ΣabghC
gh
cd + Σ
k[a
gh δ
b]
(c C
gh
d)k
+ 4Σkml(c Ωd)k Ω
n[aCb]lmn − δ[a(c Ωd)k Ωb]n Σkmlg Cglmn . (6.41)
These variations will be relevant in the next section, since in the Lagrangian the ten-
sors B, C appear in the fermionic mass matrices and in the scalar potential. Further-
more, one derives from (6.41) the expressions for the USp(4) covariant derivatives
of these tensors
DµB = −25 Pµ cdabBcdab ,
DµB
ab
cd = −2BPµ cdab − Pµ ghabBghcd − Pµ cdghBabgh + 25(δabcd − 14ΩabΩcd)Pµ ghefBghef ,
DµC
ab = 1
2
Pµ cd
abAcd + 2Ωe[aPµ cd
b]fCcdef ,
DµC
ab
cd = 4Ω
g[a Pµ g(c
b]hCd)h + Ω
g[a
δ
b]
(c Pµd)g
khCkh + Ω
gk δ
[a
(c Pµd)g
b]hCkh
+ Pµ gh
abCghcd + Pµ gh
k[aδ
b]
(c C
gh
d)k
+ 4Pµ l(c
kmΩd)k Ω
n[aCb]lmn − δ[a(c Ωd)k Ωb]n Pµ lgkmCglmn . (6.42)
Since the T -tensor (6.36) is obtained by a finite SL(5)-transformation from the em-
bedding tensor (6.3), the SL(5)-covariant quadratic constraints (6.4) directly trans-
late into quadratic relations among the tensors B, C. e.g. the first equation of (6.5)
gives rise to
Z(ab)[ef ]
[
ΩceΩdf B + ΩegΩfhB
[gh]
[cd]
]
= 0 , (6.43)
while the second equation yields
Z(ab)[cd] T(ab) ef
gh = 0 . (6.44)
These equations can be further expanded into explicit quadratic relations among
the tensors B, C. We give the explicit formulas in terms of USp(4) projectors in
appendix C.2. They are crucial to verify the invariance of the Lagrangian (6.61)
presented in the next section.
Let us close this section by noting that the T -tensor (6.36) naturally appears in
the deformation of the Cartan-Maurer equations induced by the gauging. Namely,
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the definition of the currents Pµ and Qµ (6.30) together with the algebra struc-
ture (6.25) gives rise to the following integrability relations
2∂[µQν]a
b + 2Qa[µ
cQν]c
b = −2Pac[µdePν]debc − gH(2) cdµν T(cd)[ae][be] , (6.45)
D[µPν]ab
cd = − 1
4
gH(2) efµν
(
T(ef)[ab]
[cd] + ΩcgΩdhΩaiΩbj T(ef)[gh]
[ij]
)
.
The terms in order g occur proportional to the T -tensor. They will play an impor-
tant role in the check of supersymmetry of the Lagrangian that we present in the
next section. The fact that these equations appear manifestly covariant with the
full modified field strength H(2) cdµν on the r.h.s. is a consequence of the quadratic
constraint (6.44).
6.3 Lagrangian and supersymmetry
In this section we present the main results of this chapter. After establishing our
spinor conventions, we derive the supersymmetry transformations of the seven-
dimensional theory by requiring closure of the supersymmetry algebra into the gen-
eralized vector/tensor gauge transformations introduced in section 6.1.2. We then
present the universal Lagrangian of the maximal seven-dimensional theory which is
completely encoded in the embedding tensor Θ.
6.3.1 Spinor conventions
Seven-dimensional world and tangent-space indices are denoted by µ, ν, . . . and
m,n, . . ., respectively, and take the values 1, 2, . . . , 7. Our conventions for the Γ-
matrices in seven dimensions are
{Γm,Γn} = 2ηmn (Γm)† = Γm , (Γm)T = −CΓmC−1 (6.46)
with metric of signature η = diag(−1, 1, 1, 1, 1, 1, 1) and the charge conjugation
matrix C obeying
C = CT = −C−1 = −C† . (6.47)
We use symplectic Majorana spinors, i.e. spinors carry a fermionic representation
of the R-symmetry group USp(4) and for instance a spinor ψa (a = 1, . . . , 4) in the
fundamental representation of USp(4) satisfies a reality constraint of the form
ψ¯Ta = ΩabC ψ
b , (6.48)
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fields eµ
m ψaµ A
MN
µ Bµν M χ
abc VMab
little group SO(5) 14 16 5 10 4 1
R-symmetry USp(4) 1 4 1 1 16 5
global SL(5) 1 1 10 5 1 5
# degrees of freedom 14 64 50 50 64 14
Table 6.1: The ungauged D = 7 maximal super-multiplet.
where ψ¯ ≡ ψ†Γ0. The following formula is useful as it captures the symmetry
property of spinor products2
φ¯aΓ
(k)ψb = ΩacΩ
bdψ¯d(C
−1)T (Γ(k))TCφc = (−1) 12k(k+1)ΩacΩbdψ¯dΓ(k)φc . (6.49)
Products of symplectic Majorana spinors yield real tensors
φ¯aψ
a φ¯aΓ
µψa φ¯aΓ
µνψa φ¯aΓ
µνρψa etc. (6.50)
Finally, the epsilon tensor is defined by
eΓµνρστκλ ≡ 1 ǫµνρστκλ . (6.51)
6.3.2 Supersymmetry transformations and algebra
The field content of the ungauged maximal supergravity multiplet in seven dimen-
sions is given by the vielbein eµ
m, the gravitino ψaµ, vector fields A
MN
µ , two-form fields
BM µν , matter fermions χ
abc, and scalar fields parameterizing VMab. Their on-shell
degrees of freedom are summarized in Table 6.1. Note the symmetry in the distri-
bution of degrees of freedom due to the accidental coincidence of the R-symmetry
group USp(4) and the little group SO(5).
Under the R-symmetry group USp(4) the gravitinos ψaµ transform in the funda-
mental representation 4 while the matter spinors χabc transform in the 16 represen-
tation, i.e.
χabc = χ[ab]c , Ωabχ
abc = 0 , χ[abc] = 0 . (6.52)
All spinors are symplectic Majorana, that is they satisfy
χ¯Tabc = ΩadΩbeΩcfCχ
def , ψ¯Tµa = ΩabCψ
b
µ , (6.53)
in accordance with (6.48).
2Note that our conventions differ from those of [94] in that they use φa = Ωabφ
b, while in our
conventions raising and lowering of indices is effected by complex conjugation φa = (φ
a)∗.
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We are now in position to derive the supersymmetry transformations. Parame-
terizing them by ǫa = ǫa(x) the final result takes the form
δeµ
m =
1
2
ǫ¯aΓ
mψaµ ,
δVMab = 1
4
VMcd
(
Ωe[cǫ¯d]χ
abe +
1
4
Ωcdǫ¯eχ
abe + ΩceΩdf ǫ¯gχ
ef [aΩb]g +
1
4
ΩceΩdfΩ
abǫ¯gχ
efg
)
,
∆AMNµ = −Vab[MVcdN ]Ωbd
(1
2
Ωaeǫ¯eψ
c
µ +
1
4
ǫ¯eΓµχ
eac
)
,
∆Bµν M = VMab
(
− Ωacǫ¯bΓ[µψcν] +
1
8
ΩacΩbdǫ¯eΓµνχ
cde
)
,
∆SMµνρ = VabM
(
− 3
8
Ωacǫ¯cΓ[µνψ
b
ρ] −
1
32
ǫ¯eΓµνρχ
abe
)
,
δψaµ = Dµǫ
a − 1
5
√
2
H(2)(ab)νρ Ωbc
(
Γνρµ + 8Γ
νδρµ
)
ǫc
− 1
15
H(3)νρλ[bc]Ωab
(
Γνρλµ +
9
2
Γνρδλµ
)
ǫc − gΓµAab1 Ωbcǫc ,
δχabc = 2ΩcdPµde
abΓµǫe −
√
2
(
H(2)c[aµν Γµνǫb] −
1
5
(Ωabδcg − Ωc[aδb]g ) ΩdeH(2)gdµν Γµνǫe
)
− 1
6
(
ΩadΩbeH(3)µνρ[de]Γµνρǫc −
1
5
(ΩabΩcf + 4Ωc[aΩb]f )H(3)µνρ[fe]Γµνρǫe
)
+ gAd,abc2 Ωdeǫ
e , (6.54)
up to higher order fermion terms. We have given the result in terms of the covari-
ant variations ∆(ǫ) of the vector and tensor fields introduced in (6.13), from which
the bare transformations δ(ǫ) are readily deduced. In the limit g → 0 the above
supersymmetry transformations reduce to those of the ungauged theory [94]. Upon
switching on the gauging, the formulas are covariantized and the fermion transfor-
mations are modified by the fermion shift matrices A1 and A2 defined by
Aab1 ≡ −
1
4
√
2
(1
4
BΩab +
1
5
Cab
)
,
Ad,abc2 ≡
1
2
√
2
[
ΩecΩfd (Cabef −Babef) + 1
4
(
CabΩcd +
1
5
ΩabCcd +
4
5
Ωc[aCb]d
)]
,
(6.55)
in terms of the components of the T -tensor (6.38). These will further enter the
fermionic mass matrices and the scalar potential of the full Lagrangian (6.61) below.
The coefficients in (6.54) are uniquely fixed by requiring the closure of the supersym-
metry algebra into diffeomorphisms, local Lorentz and USp(4)-transformations, and
vector/tensor gauge transformations (6.12). In particular, the fermion shifts (6.55)
are uniquely determined such that the commutator of two supersymmetry trans-
formations reproduces the correct order g shift terms in the resulting vector/tensor
79
6.3. LAGRANGIAN AND SUPERSYMMETRY
gauge transformations (6.12). Specifically, one finds for the commutator of two
supersymmetry transformations
[δ(ǫ1), δ(ǫ2)] = ξ
µDµ + δLorentz (ǫ
mn) + δUSp(4)
(
κa
b
)
+ δgauge
(
ΛMN ,ΞMµ,Φ
M
µν
)
.
(6.56)
Here, we denote by ξµDµ a covariant general coordinate transformation with pa-
rameter ξµ, i.e.
ξµDµ = Lξ + δLorentz (ǫˆ mn) + δUSp(4)
(
κˆa
b
)
+ δgauge
(
ΛˆMN , ΞˆMµ, Φˆ
M
µν
)
, (6.57)
with the induced parameters
ǫˆ mn = −ξµωµmn ,
κˆa
b = −ξµQµab ,
ΛˆMN = −ξµAMNµ ,
ΞˆMµ = −ξνBM νµ − ǫMNPQRξνANPν AQRµ ,
ΦˆMµν = −ξρSMρµν − ξρAMNρ Bµν N −
2
3
ǫNPQRS ξ
ρANPρ A
MQ
[µ A
RS
ν] . (6.58)
In addition to these transformations the right hand side of (6.56) consists of general
coordinate, Lorentz, USp(4), and vector/tensor gauge transformations with param-
eters given by
ξµ =
1
2
ǫ¯2aΓ
µǫa1 ,
ǫmn = − 1
5
√
2
H(2)(ab)pq Ωbcǫ¯2a (Γmnpq + 8ηmpηnq) ǫc1 +
g
20
√
2
AabΩbcǫ¯2aΓ
mnǫc1
+
1
15
H(3)pqr[ab]Ωbcǫ¯2c (Γmnpqr + 9ηmpηnqΓr) ǫa1 −
g
16
√
2
Dǫ¯2aΓ
mnǫa1 ,
κa
b =
1
4
ΛdeT(de)[ac]
[bc] ,
ΛMN =
√
2VabMVcdNΩbdΛac , with Λab = 1
2
√
2
Ωc(aǫ¯2cǫ
b)
1 ,
ΞMµ =
1
2
VMabǫ¯2aΓµǫc1Ωcb ,
ΦMµν = −
1
8
VabMΩacǫ¯2cΓµνǫb1 . (6.59)
To this order in the fermion fields the fermionic field equations are not yet required
for verifying the closure (6.56) of the algebra. Closure on the three-form tensor fields
SMµνρ however makes use of the (projected) duality equation
e−1 ǫµνρλστκYMNH(4)Nλστκ = 6 YMN ΩacΩbd VabNH(3)cd µνρ + fermionic terms ,(6.60)
This equation will arise as a first order equation of motion from the full Lagrangian
upon varying w.r.t. the SMµνρ. We will confirm this in the next section. Note that
also this duality equation appears only under projection with YMN .
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6.3.3 The universal Lagrangian
We can now present the universal Lagrangian of gauged maximal supergravity in
seven dimensions up to higher order fermion terms:
e−1L =− 1
2
R− ΩacΩbdH(2)abµν H(2)cdµν −
1
6
ΩacΩbdH(3)µνρ abH(3)µνρcd −
1
2
Pµab
cdP µcd
ab
− 1
2
ψ¯µaΓ
µνρDνψ
a
ρ −
1
8
χ¯abc /Dχ
abc − 1
2
Pµab
cdΩceψ¯νdΓ
µΓνχabe
+
√
2
4
H(2)abµν
(
− ψ¯ρaΓ[ρΓµνΓλ]ψλcΩcb + ψ¯ρcΓµνΓρχcdeΩadΩbe +
1
2
χ¯acdΓ
µνχedcΩeb
)
+
1
12
H(3)abµνρ
(
− Ωacψ¯λc Γ[λΓµνρΓσ]ψσb +
1
2
ψ¯λcΓ
µνρΓλχabc +
1
4
Ωaeχ¯cdeΓ
µνρχcdb
)
− 5
2
gAab1 Ωbcψ¯µaΓ
µνψcν +
1
4
gAd,abc2 Ωdeχ¯abcΓ
µψeµ
+
g
4
√
2
( 3
32
δbdδ
c
eB +
1
8
δbdΩefC
fc +Bbcde − Cbcde
)
χ¯abc χ
ade
+
g2
128
(
15B2 + 2CabCab − 2BabcdBcdab − 2C [ab](cd)C[ab](cd)
)
+ e−1LVT , (6.61)
with the tensors A1, A2 from (6.55) and the topological vector-tensor Lagrangian
from (6.15):
LVT = −1
9
ǫµνρλστκ ×
×
[
gYMNS
M
µνρ
(
DλS
N
στκ +
3
2
gZNP,QBλσ PBτκQ + 3FNPλσ Bτκ P
+ 4ǫPQRSTA
NP
λ A
QR
σ ∂τA
ST
κ + gǫPQRWXXST,UV
WXANPλ A
QR
σ A
ST
τ A
UV
κ
)
+ 3gZMN,P (DµBνρM)Bλσ NBτκP − 9
2
FMNµν BρλMDσBτκN
+ 18ǫMNPQRFMVµν ANPρ
(
∂λA
QR
σ +
2
3
gXST,U
QARUλ A
ST
σ
)
Bτκ V
+ 9gǫMNPQRZ
MV,WANPµ
(
∂νA
QR
ρ +
2
3
gXST,U
QARUν A
ST
ρ
)
Bλσ VBτκW
+
36
5
ǫMPQTU ǫNRSVWA
MN
µ A
PQ
ν A
RS
ρ (∂λA
TU
σ )(∂τA
VW
κ )
+ 8gǫMPQRS ǫNTUZAXVW,XY
ZAAMNµ A
PQ
ν A
TU
ρ A
VW
λ A
XY
σ ∂τA
RS
κ
− 4
7
g2ǫMPQBC ǫNVWDEXRS,TU
BCXXY,ZA
DEAMNµ A
PQ
ν A
RS
ρ A
TU
λ A
VW
σ A
XY
τ A
ZA
κ
]
.
This Lagrangian is the unique one invariant under the full set of non-Abelian vec-
tor/tensor gauge transformations (6.12) and under local supersymmetry transfor-
mations (6.54). Furthermore it possesses the local USp(4) invariance introduced
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in (6.18), and is formally invariant under global SL(5) transformations if the em-
bedding tensor Θ is treated as a spurionic object that simultaneously transforms.
With fixed Θ, the global SL(5) is broken down to the gauge group.
In the limit g → 0 the three-form fields SMµνρ decouple from the Lagrangian,
and (6.61) consistently reduces to the ungauged theory of [94] with global SL(5)
symmetry. Upon effecting the deformation by switching on g, derivatives are co-
variantized ∂µ → Dµ and the former Abelian field strengths are replaced by the
full covariant combinations H(2) and H(3) from (6.11). The extended gauge invari-
ance (6.12) moreover requires a unique extension of the former Abelian topological
term which in particular includes a first order kinetic term for the three-form fields
SMµνρ. As a consequence, the duality equation (6.60) between the two-form and the
three-form tensor fields arises directly as a field equation of this Lagrangian. This
ensures that the total number of degrees of freedom is not altered by switching on
the deformation and does not depend on the explicit form of the embedding tensor.
In order to maintain supersymmetry under the extended transformations (6.54),
and in presence of the deformed Bianchi and Cartan-Maurer equations (6.14), (6.45),
the Lagrangian finally needs to be augmented by the bilinear fermionic mass terms
in order g and a scalar potential in order g2. These are expressed in terms of the
scalar field dependent USp(4)-components B, C of the T -tensor. Cancellation of
the terms in order g2 in particular requires the quadratic identities (6.43), (6.44),
expanded in components in (C.16), (C.17). In particular, these identities give rise
to
1
8
Aa,cde2 A2 b,cde − 15Aac1 A1 bc =
1
4
δab
(1
8
Af,cde2 A2 f,cde − 15Acd1 A1 cd
)
, (6.62)
featuring the scalar potential on the r.h.s. and needed for cancellation of the super-
symmetry contributions from the scalar potential. Indeed, the scalar potential which
contributes to the Lagrangian (6.61) in order g2 may be written in the equivalent
forms
V = − 1
128
(
15B2 + 2CabCab − 2BabcdBcdab − 2C [ab](cd)C[ab](cd)
)
=
1
8
|A2|2 − 15|A1|2 . (6.63)
Under variation of the scalar fields given by δΣVMab = Σabcd VMcd the potential varies
according to
δΣV = − 1
16
B[ab][cd]B
[cd]
[ef ]Σ
[ef ]
[ab] +
1
32
BB[ab][cd]Σ
[cd]
[ab] − 1
64
C [ab]C[cd]Σ
[cd]
[ab]
+
1
32
C [ab](ef)C[cd]
(ef)Σ[cd][ab] − 1
8
C [ce](af)C
[df ]
(be)Σ
[ab]
[cd] , (6.64)
which in particular yields the contribution of the potential under supersymmetry
transformations. Moreover, equation (6.64) is important when analyzing the ground
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states of the theory since δΣV = 0 is a necessary condition for a stationary point of
the potential. The residual supersymmetry of the corresponding solution (assum-
ing maximally symmetric space-times) is parameterized by spinors ǫa satisfying the
condition
A2 a,bcd ǫ
a = 0 . (6.65)
The gravitino variation imposes an extra condition
2A1 ab ǫ
b = ±
√
−V/15Ωab ǫb , (6.66)
but the two conditions (6.65) and (6.66) are in fact equivalent by virtue of (6.62).3
The full check of invariance of the Lagrangian (6.61) under the supersymme-
try transformations (6.54) is rather lengthy and makes heavy use of the quadratic
constraints (6.4) on the embedding tensor and their consequences collected in ap-
pendix C.2 as well as of the properties of the SL(5)/USp(4) coset space discussed
in the previous section. We have given the Lagrangian and transformation rules
only up to higher order fermion terms; however one does not expect any order g
corrections to these higher order fermion terms, i.e. they remain unchanged w.r.t.
those of the ungauged theory.
Let us finally note that the bosonic part of the Lagrangian (6.61) can be cast
into a somewhat simpler form in which the scalar fields parameterize the USp(4)-
invariant symmetric unimodular matrix MMN
MMN ≡ VMabVNcdΩacΩbd , (6.67)
with the inverse MMN = (MMN)−1 = VabMVcdN ΩacΩbd. The bosonic part of the
Lagrangian (6.61) can then be expressed exclusively in terms of USp(4)-invariant
quantities and takes the form
e−1Lbosonic = −1
2
R−MMPMNQH(2)MNµν H(2)µν PQ −
1
6
MMNH(3)µνρMH(3)µνρN
+
1
8
(∂µMMN)(∂µMMN) + e−1LVT − g2 V , (6.68)
with the scalar potential
V =
1
64
(
3XMN,R
SXPQ,S
RMMPMNQ −XMP,QNXNR,SMMPRMQS
)
+
1
96
(
XMN,R
SXPQ,T
UMMPMNQMRTMSU +XMP,QNXNR,SMMPQMRS
)
=
1
64
(
2MMNYNPMPQYQM − (MMNYMN)2
)
+ ZMN,PZQR,S
(
MMQMNRMPS −MMQMNPMRS
)
. (6.69)
3 More precisely, a solution of (6.65), (6.66) tensored with a Killing spinor of AdS7 (or seven-
dimensional Minkowski space, respectively, depending on the value of V ) solves the Killing spinor
equations δψaµ = 0, δχ
abc = 0 obtained from (6.54).
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This is in analogy to the fact that the gravitational degrees of freedom can be de-
scribed alternatively in terms of the vielbein or in terms of the metric. In particular,
the scalar potential here is directly expressed in terms of the embedding tensor (6.6)
properly contracted with the scalar matrix M without having to first pass to the
USp(4) tensors B, C. In concrete examples this may simplify the computation and
the analysis of the scalar potential. Of course, in order to describe the coupling to
fermions it is necessary to reintroduce V, the tensors B, C, and to exhibit the local
USp(4) symmetry.
6.4 Examples
In this section, we will illustrate the general formalism with several examples. In
particular, these include the maximally supersymmetric theories resulting from M-
theory compactification on S4 [95, 96, 97, 98], as well as the (warped) type IIA/IIB
compactifications on S3 which so far have only partially been constructed in the
literature.
In order to connect to previous results in the literature, we first discuss the
possible gauge fixing of tensor gauge transformations depending on the specific form
of the embedding tensor. In sections 6.4.2 and 6.4.3 we consider particular classes
of examples in which the embedding tensor is restricted to components in either the
15 or the 40 representation. Finally, we sketch in section 6.4.4 a more systematic
approach towards classifying the solutions of the quadratic constraint (6.4) with
both YMN and Z
MN,P non-vanishing. Our findings are collected in Table 6.3.
6.4.1 Gauge fixing
We have already noted in section 6.1.2 that the extended local gauge transforma-
tions (6.12) allow to eliminate a number of vector and tensor fields depending on the
specific form of the components YMN and Z
MN,P of the embedding tensor. More
precisely, s ≡ rankZ vector fields can be set to zero by means of tensor gauge
transformations δΞ of (6.12), rendering s of the two-forms massive. Here, Z
MN,P is
understood as a rectangular 10×5 matrix. Furthermore, t ≡ rankY of the two-forms
can be set to zero by means of tensor gauge transformations δΦ. The t three-forms
that appear in the Lagrangian (6.61) then turn into self-dual massive forms. The
quadratic constraint (6.5) ensures that s + t ≤ 5. Before gauge fixing, the degrees
of freedom in the Lagrangian (6.61) are carried by the vector and two-form fields
just as in the ungauged theory (Table 6.1) while the three-forms appear topologi-
cally coupled. After gauge fixing the distribution of these 100 degrees of freedom
is summarized in Table 6.2. In a particular ground state, in addition some of the
vectors may become massive by a conventional Brout-Englert-Higgs mechanism.
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fields # # dof
massless vectors 10− s 5
massless 2-forms 5− s− t 10
massive 2-forms s 15
massive sd. 3-forms t 10
Table 6.2: Distribution of degrees of freedom after gauge fixing.
Let us make this a little more explicit. To this end, we employ for the two-forms
a special basis BM = (Bx, Bα), x = 1, . . . , t; α = t+1, . . . , 5, such that the symmetric
matrix YMN takes block diagonal form, Yxy is invertible (with inverse Y
xy), and all
entries Yxα, Yαβ vanish. For the tensor Z the quadratic constraint (6.4) then implies
that only its components
Zαβ,γ , Zxα,β = Zx(α,β) , (6.70)
are non-vanishing and need to satisfy
Yxy Z
yα,β + 2ǫxMNPQZ
MN,αZPQ,β = 0 . (6.71)
Gauge fixing eliminates the two-forms Bx which explicitly breaks the SL(5) covari-
ance. Supersymmetry transformations thus need to be amended by a compensating
term δnew(ǫ) = δold(ǫ) + δ(Φxµν). It is convenient to define the modified three-forms
Sxµνρ ≡ g−1Y xyH(3)µνρ y = Sxµνρ + 6g−1Y xyǫyMNPQAMN[µ ∂νAPQρ] + . . . , (6.72)
which are by construction invariant under tensor gauge transformations and will
appear in the Lagrangian as massive fields. Their transformation under local gauge
and supersymmetry is given by
δ(Λ)Sxµνρ = −gYyzΛxySzµνρ − ΛxαH(3)µνρ α − 2Y xyZNP,α ǫyNPQR ΛQRH(3)µνρ α ,
δ(ǫ)Sxµνρ = −Vabx(38Ωacǫ¯cΓ[µνψbρ] + 132 ǫ¯eΓµνρχabe)
−3g−1Y xy ǫyNPQRH(2)NP[µν Vab[QVcdR]Ωbd(Ωaeǫ¯eψcρ] + 12 ǫ¯eΓρ]χeac)
−3g−1Y xyD[µ
(
(Ωacǫ¯bΓνψ
c
ρ] − 18ΩacΩbdǫ¯eΓνρ]χcde)Vyab
)
. (6.73)
In the Lagrangian these fields appear with a mass term descending from the kinetic
term of the modified field strength tensor Hµνρ ab = VabαH(3)µνρ α + gYxyVabxSyµνρ and
a first order kinetic term from the Chern-Simons term
LVT = −19gǫµνρλστκYxy SxµνρDλSyστκ + . . . . (6.74)
The remaining terms in the expansion (6.72) in particular lead to terms A∂A∂A∂A of
order g−1 in the topological term which obstruct a smooth limit back to the ungauged
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theory. Indeed these terms have been observed in the original construction of the
SO(p, q) gaugings [95]. Generically the gauge fixing procedure described above leads
to many more interaction terms between vector and tensor fields than those that
are known from the particular case of the SO(p, q) theories.
6.4.2 Gaugings in the 15 representation:
SO(p, 5−p) and CSO(p, q, 5−p−q)
As a first class of examples let us analyze those gaugings for which the embedding
tensor Θ lives entirely in the 15 representation of SL(5), i.e. ZMN,P = 0, and the
gauge group generators (6.7) take the form
(XMN)P
Q = δQ[M YN ]P . (6.75)
In this case, the quadratic constraint (6.4) is automatically satisfied, thus every
symmetric matrix YMN defines a viable gauging. Fixing the SL(5) symmetry (and
possibly rescaling the gauge coupling constant), this matrix can be brought into the
form
YMN = diag( 1, . . . ,︸ ︷︷ ︸
p
−1, . . . ,︸ ︷︷ ︸
q
0, . . .︸ ︷︷ ︸
r
) , (6.76)
with p+ q + r = 5. The corresponding gauge group is
G0 = CSO(p, q, r) = SO(p, q)⋉R
(p+q)·r , (6.77)
where the Abelian part combines r vectors under SO(p, q). This completely classifies
the gaugings in this sector. The scalar potential (6.69) reduces to
V = 1
64
(
2MMNYNPMPQYQM − (MMNYMN)2
)
. (6.78)
From Table 6.2 one reads off the spectrum of these theories (s = 0, t = 5− r): after
gauge fixing it consists of 10 vectors together with r massless two-forms and 5−r self-
dual massive three-forms. In particular, a nondegenerate YMN (r = 0) corresponds
to the semi-simple gauge groups SO(5), SO(4, 1) and SO(3, 2) that have originally
been constructed exclusively in terms of vector and three-form fields [95, 99].
The SO(5) gauged theory has a higher-dimensional interpretation as reduction
of D = 11 supergravity on the sphere S4 [96, 97, 98]. Accordingly, its poten-
tial (6.78) admits a maximally supersymmetric AdS7 ground state. The theories
with CSO(p, q, r) gauge groups are related to the compactifications on the (non-
compact) manifolds Hp,q ◦ T r [100]. These are the four-dimensional hyper-surfaces
of R5 defined by
YMN v
MvN = 1 , vM ∈ R5 . (6.79)
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A particularly interesting example is the CSO(4, 0, 1) theory which corresponds to
the S3 compactification of the ten-dimensional type IIA theory. The bosonic part
of this theory has previously been constructed in [101]. In order to derive its scalar
potential from (6.78) it is useful to parameterize the coset representative V as
V = ebmtm V4 eφ t0 , (6.80)
where V4 is an SL(4)/SO(4) matrix and t0, t
m denote the SO(1, 1) and four nilpotent
generators, respectively, in the decomposition SL(5) → SL(4) × SO(1, 1). For the
matrix M this yields a block decomposition into
MMN =
(
e−2φMmn + e8φ bmbn e8φ bm
e8φ bn e
8φ
)
(6.81)
with M = V4 V
T
4 . Plugging this into (6.78) with YMN = diag(1, 1, 1, 1, 0) yields the
potential
V = 1
64
e4φ
(
2MmnδnkM
klδlm − (Mmnδmn)2
)
, (6.82)
(where MmkM
kn = δnm) in agreement with [101]. The presence of the dilaton pre-
factor e4φ shows that this potential does not admit any stationary points, rather the
ground state of this theory is given by a domain wall solution corresponding to the
(warped) S3 reduction of the type IIA theory [101, 102].
We can finally determine all the stationary points of the scalar potentials (6.78)
in this sector of gaugings. The variation of the potential has been given in (6.64).
Since ZMN,P = 0, the tensors Cab, C [ab](cd) vanish such that requiring δΣV = 0
reduces to the matrix equation
2B2 − BB = 1
5
Tr(2B2 − BB) I5 , (6.83)
for the traceless symmetric matrix B = B[ab][cd], where I5 denotes the 5×5 unit ma-
trix. According to (6.40) B is related by
√
2Y = B+B I5 to the matrixY = Y[ab],[cd].
Fixing the local USp(4)-invariance the matrix B can be brought into diagonal form.
Equation (6.83) then has only three inequivalent solutions
B ∝ diag(0, 0, 0, 0, 0) =⇒ Y = diag(1, 1, 1, 1, 1) ,
B ∝ diag(1, 1, 1, 1,−4) =⇒ Y = 2−1/5 diag(1, 1, 1, 1, 2) ,
B ∝ diag(1, 1, 1,−3/2,−3/2) =⇒ Y = diag(0, 0, 0, 1, 1) . (6.84)
The first two solutions correspond to the SO(5) and the SO(4) invariant station-
ary points of the theory with gauge group SO(5) [95, 99]. The third solution is
a stationary point in the CSO(2, 0, 3) gauged theory. We will come back to this
in section 6.4.4 and show that it gives rise to a Minkowski vacuum related to a
Scherk-Schwarz reduction from eight dimensions.
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Analyzing the remaining supersymmetry of these vacua we note that in this
sector of theories Aab1 ∝ Ωab. According to (6.66) thus supersymmetry is either com-
pletely preserved (N = 4) or completely broken (N = 0). Only the first stationary
point in (6.84) preserves all supersymmetries: this is the maximally supersymmetric
AdS7 vacuum mentioned above.
6.4.3 Gaugings in the 40 representation:
SO(p, 4−p) and CSO(p, q, 4−p−q)
Another sector of gaugings is characterized by restricting the embedding tensor to
the 40 representation of SL(5), i.e. setting YMN = 0. These gaugings are parame-
terized by a tensor ZMN,P for which the quadratic constraint (6.4) reduces to
ǫMRSTU Z
RS,NZTU,P = 0 . (6.85)
Rather than attempting a complete classification of these theories we will present a
representative class of examples. Specifically, we consider gaugings with the tensor
ZMN,P given by
ZMN,P = v[M wN ]P , (6.86)
in terms of a vector vM and a symmetric matrix wMN = w(MN). This Ansatz
automatically solves the quadratic constraint (6.85) and thus defines a class of viable
gaugings. The SL(5) symmetry can be used to further bring vM into the form
vM = δM5 introducing the index split M = (i, 5), i = 1, . . . , 4. The remaining SL(4)
freedom can be fixed by diagonalizing the corresponding 4× 4 block wij
wij = diag( 1, . . . ,︸ ︷︷ ︸
p
−1, . . . ,︸ ︷︷ ︸
q
0, . . .︸ ︷︷ ︸
r
) . (6.87)
For simplicity we restrict to cases with wi5 = w55 = 0. The gauge group generators
then take the form
(Xij)k
l = 2ǫijkmw
ml , (6.88)
and generate the group CSO(p, q, r) with p+q+r = 4. According to Table 6.2, these
theories contain only vector and two-forms, 4−r of which become massive after gauge
fixing. The scalar potential is obtained from (6.69) and in the parameterization
of (6.80) takes the form
V = 1
4
e14φ bmw
mkMkl w
ln bn +
1
4
e4φ
(
2Mmnw
nkMklw
lm − (Mmnwmn)2
)
. (6.89)
A particularly interesting case is the theory with r = 0 and compact gauge group
SO(4). The existence of this maximal supergravity in seven dimensions was an-
ticipated already in [103] in the context of holography to six-dimensional super
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Yang-Mills theory. Indeed, its spectrum should consist of vector and two-form ten-
sor fields only (cf. Table IV in [104]). Its higher-dimensional origin is a (warped) S3
reduction of type IIB supergravity. Again, this is consistent with the fact that due
to the presence of the dilaton pre-factor the potential (6.89) in this case does not
admit any stationary points but only a domain wall solution. So far, only the N = 2
truncation of this theory had been constructed [105, 106], in which the scalar mani-
fold truncates to an GL(4)/SO(4) coset space and only a single (massless) two-form
is retained in the spectrum.
In analogy to the discussion of the last section it seems natural that the other
CSO(p, q, r) gaugings in this sector are related to reductions of the type IIB theory
over the non-compact manifolds Hp,q ◦ T r. In particular, the potential (6.89) of
the CSO(2, 0, 2) theory admits a stationary point with vanishing potential. This is
related to the Minkowski vacuum obtained by Scherk-Schwarz reduction from eight
dimensions as we will discuss in the next section.
6.4.4 Further examples
We will finally indicate a more systematic approach towards classifying the general
gaugings with an embedding tensor combining parts in the 15 and the 40 represen-
tation. To this end, we go to the special basis introduced in section 6.4.1, in which
the only non-vanishing components of the embedding tensor are given by
Yxy , Z
x(α,β) , Zαβ,γ , (6.90)
with rankY ≡ t, and the range of indices x, y = 1, . . . , t and α, β = t+1, . . . , 5 .
Further fixing (part of) the global SL(5) symmetry, the tensor Yxy can always be
brought into the standard form
Yxy = diag( 1, . . . ,︸ ︷︷ ︸
p
−1, . . .︸ ︷︷ ︸
q
) . (6.91)
The possible gaugings can then systematically be found by scanning the differ-
ent values of t, p, and q, and determining the real solutions of the quadratic con-
straint (6.71). We will in the following discuss a (representative rather than com-
plete) number of examples for the different values of t. A list of our findings is
collected in Table 6.3.
t = 5
From (6.90) one reads off that a nondegenerate matrix YMN implies a vanishing
tensor ZMN,P . Thus we are back to the situation discussed in section 6.4.2. The
possible gauge groups are SO(5), SO(4, 1), and SO(3, 2).
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t = 4
The quadratic constraint (6.71) implies that also in this case the tensor ZMN,P
entirely vanishes. These gaugings are again completely covered by the discussion of
section 6.4.2, with possible gauge groups CSO(4, 0, 1), CSO(3, 1, 1), and CSO(2, 2, 1).
t = 3
Now we consider the cases YMN = diag(1, 1,±1, 0, 0). In this case the tensor Z may
have non-vanishing components for which the quadratic constraint (6.71) imposes
ǫxyz Z
yα,γ ǫγδ Z
zδ,β = 1
8
YxuZ
uα,β . (6.92)
For Z = 0, these gaugings have been discussed in section 6.4.2, with possible gauge
groups CSO(3, 0, 2) and CSO(2, 1, 2). There, gauge group generators take the form
LM
N =
(
λz(tz)x
y Qxα
02×3 02×2
)
, λz ∈ R , Qxα ∈ R , (6.93)
where (tz)x
y = ǫzyuYux denote the generators of the adjoint representation of the
semi-simple part so(p, 3−p) and the Qxα parameterize the 6 nilpotent generators
transforming as a couple of 3 vectors under so(p, 3−p). The components Zαβ,γ
are not constrained by (6.92) and may be set to arbitrary values Zαβ,γ = ǫαβvγ
parameterized by a two-component vector vα without altering the form (6.93) of the
gauge group. For the remaining components Zxα,β, equation (6.92) shows that the
2× 2 matrices (Σx)αβ ≡ −16ǫαγZxγ,β satisfy the algebra
[Σx,Σy] = 2ǫxyuYuz Σ
z , (6.94)
i.e. yield a representation of the algebra so(3) or so(2, 1), respectively, depending
on the signature of Yuz. A real non-vanishing solution of (6.92) thus can only exist
in the so(2, 1) sector, i.e. for YMN = diag(1, 1,−1, 0, 0). It is given by Zxα,β =
− 1
16
ǫαγ (Σx)γ
β with the Σx expressed in terms of the Pauli matrices as
Σ1 = σ1 , Σ
2 = σ3 , Σ
3 = iσ2 , (6.95)
and providing a real representation of so(2, 1). In this case, the gauge group gener-
ators schematically take the form
LM
N =
(
λz(tz)x
y Q
(4)
xα
02×3 12λ
z (Σz)α
β
)
, (6.96)
such that the semi-simple part so(2, 1) is embedded into the diagonal. The nilpotent
generators Qxα now transform in the tensor product 3 ⊗ 2 = 2 + 4 of so(2, 1) and
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moreover turn out to be projected onto the irreducible 4 representation. Compared
to (6.93), the gauge group thus shrinks to
so(2, 1)⋉ R4 . (6.97)
Again, further switching on Zαβ,γ does not change the form of the algebra. None of
the theories in this sector possesses a stationary point in its scalar potential.
t = 2
In the case YMN = (1,±1, 0, 0, 0) only the Zαβ,γ components are allowed to be
nonzero in order to fulfill the quadratic constraint (6.71). These components can be
parameterized by a traceless matrix Zα
β as
Zαβ,γ = 1
8
ǫαβδZδ
β . (6.98)
For this solution the gauge generators take the form
LM
N =
(
λ t2x
y Qx
α
03×2 λZαβ
)
, λ ∈ R , Qxα ∈ R , (6.99)
where t2 =
(
0 1∓1 0
)
denotes a generator of so(2) or so(1, 1), respectively, and Qx
α
parameterizes a generically unconstrained block of six translations. Thus, generically
the gauge group G0 in this case is seven-dimensional, namely either G0 = SO(2)⋉R
6
or G0 = SO(1, 1)⋉ R
6. The number of independent translations is reduced in case
the equation
t2Q−QZ = 0 , (6.100)
has nontrivial solutions Q. In this case, the gauge group shrinks to G0 = SO(2)⋉R
s
or G0 = SO(1, 1) ⋉ R
s, with s = 4, 5. The scalar potential in this sector can be
computed from (6.69) and takes the form
V = 1
64
(
2Tr [Yˆ 2]− (Tr Yˆ )2 + 2 (detMαβ) Tr [Zˆ2]
)
, (6.101)
in terms of the matrices Yˆx
y = YxzMzy and Zˆαβ = Z(αγMδ)γMδβ. Here, Mxy
and Mαβ denote the diagonal blocks of the symmetric unimodular matrix defined
in (6.67), and MαγMγβ = δβα. Since the matrix Yˆxy has only two non-vanishing
eigenvalues, this potential is positive definite. In particular, this implies that V = 0
is a sufficient condition for a stationary point. It further follows from (6.101) that
V only vanishes for Yˆx
y ∝ δxy and Z(αγMδ)γ = 0, i.e. for compact choice of t2
and Z. With vanishing Z or vanishing t2 one recovers the Minkowski vacua in the
CSO(2, 0, 3) and the CSO(2, 0, 2) theory, respectively, discussed in sections 6.4.2 and
6.4.3 above.
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In turn, every compact choice of t2 and Z defines a theory with a Minkowski
vacuum in the potential. The gravitino masses and thereby the remaining super-
symmetries at this ground state are determined from the eigenvalues of A1 ab (6.66)
according to
m2± =
1
1600
(
1±
√
−1
2
TrZ2
)2
. (6.102)
Half of the supersymmetry (N = 2) is thus preserved iff TrZ2 = −2. With (6.100)
one finds that precisely at this value the dimension of the gauge group decreases
from 7 down to 5; the group then is CSO(2, 0, 2).
All the gaugings in this sector have a well defined higher-dimensional origin,
namely they descend by Scherk-Schwarz reduction [107] from the maximal theory in
eight dimensions. Indeed, Scherk-Schwarz reduction singles out one generator from
the SL(2) × SL(3) global symmetry group of the eight-dimensional theory [108].
With the seven-dimensional embedding tensor branching as
Y : 15 → (3, 1) + (2, 3) + (1, 6) ,
Z : 40 → (1, 3) + (1, 8) + (2, 1) + (2, 3) + (2, 6) + (3, 3) , (6.103)
a Scherk-Schwarz gauging corresponds to switching on components (3, 1)+ (1, 8) in
the adjoint representation of SL(2)× SL(3). This precisely amounts to the param-
eterization in terms of matrices Yxy, Zα
β introduced above. We have seen that for
compact choice of t2 and Z, the potential (6.101) admits a Minkowski ground state
as expected from the Scherk-Schwarz origin. Moreover, we have shown that for a
particular ratio between the norms of t2 and Z, this ground state preserves 1/2 of
the supersymmetries.
t = 1, 0
As t becomes smaller, the consequences of the quadratic constraint (6.71) become
more involved. We refrain from attempting a complete classification in this sector
and refer to the examples that we have discussed in sections 6.4.2 and 6.4.3 above.
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t YMN Z
αβ,γ Zxα,β gauge group stat. point susy
5 (+++++) SO(5) × ,× 4 , 0
5 (++++−) SO(4, 1) −
5 (+++−−) SO(3, 2) −
4 (++++ 0) CSO(4, 0, 1) −
4 (+++− 0) CSO(3, 1, 1) −
4 (++−− 0) CSO(2, 2, 1) −
3 (+++0 0) ǫαβvγ CSO(3, 0, 2) −
3 (++− 0 0) ǫαβvγ CSO(2, 1, 2) −
3 (++− 0 0) ǫαβvγ 1
16
ǫγα(Σx)γ
β SO(2, 1)⋉R4 −
2 (++ 0 0 0) 1
8
ǫαβδZδ
γ SO(2)⋉Rs × 2→ 0
2 (+− 0 0 0) 1
8
ǫαβδZδ
γ SO(1, 1)⋉Rs −
1 (+ 0 0 0 0) CSO(1, 0, 4) −
0 (0 0 0 0 0) v[αwβ]γ SO(p, 4−p) −
0 (0 0 0 0 0) v[αwβ]γ
CSO(p, q, r)
(p+q+r = 4)
×
(p=2=r) 0
Table 6.3: Examples for gaugings of D = 7 maximal supergravity.
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Chapter 7
The maximal supergravities in
d = 2
In this chapter we present the embedding tensor and the bosonic Lagrangian (up
to the scalar potential) of gauged maximal supergravity in two dimensions. Dimen-
sional reduction of gravity and supergravity to two dimensions yields an effective
theory which is an integrable classical theory and whose symmetry group is infi-
nite dimensional [109, 110, 111] (for an introductory presentation we refer to [112]).
For the particular case of d = 2 maximal (N = 16) supergravity the integrability
and the symmetry structure are well known [113, 114, 115]. The global symmetry
group is the affine Lie group G0 = E9(9) and the infinite tower of dual scalars that
can be introduced onshell arrange in the coset space E9(9)/K(E9), where K(E9) is
the maximal compact subgroup of E9(9). In the next section we apply the general
method of the embedding tensor to this particular situation. We find the embedding
tensor and the vector gauge fields to transform in the (dual) basic representation
of E9(9) and we work out the quadratic constraint on the embedding tensor. In the
second section of this chapter we first introduce the ungauged maximal d = 2 super-
gravity, explain its integrability structure and finally give the bosonic Lagrangian
of the gauged theory. Examples of gaugings include those that originate from torus
reduction of higher dimensional supergravity and the SO(9) gauging that descend
from a warped sphere reduction of IIA supergravity.
7.1 The embedding tensor
7.1.1 Symmetry algebra and basic representation
The global onshell symmetry group of ungauged d = 2 maximal supergravity is
G0 = E9(9). The corresponding algebra e9(9) is an infinite dimensional affine Lie
algebra or Kac-Moody algebra [116, 117]. In this subsection we give a description of
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e9(9) starting from the finite Lie algebra e8(8). The e8(8) generators tα (α = 1 . . . 248)
obey
[tα, tβ] = fαβ
γ tγ , (7.1)
with structure constants fαβ
γ . To lower and raise algebra indices α we use the
Cartan Killing form
ηαβ =
1
60
fαδ
γ fβγ
δ , ηαβ = (ηαβ)
−1 . (7.2)
We now consider the loop group of E8(8). Its algebra generators are T
m
α , m ∈ Z, and
the commutator reads
[Tmα , T
n
β ] = fαβ
γ Tm+nγ . (7.3)
This commutator is naturally obtained by introducing a complex spectral parame-
ter y and identifying Tmα with the formal product of the e8(8) generators and a power
of y, namely Tmα = y
m tα. The spectral parameter will be essential later for the
description of the linear system of d = 2 maximal supergravity. The Lie algebra of
E9(9) is given by the unique central extension of the above loop algebra [116, 117].
The central element is denoted by k. The algebra reads
[Tmα , T
n
β ] = fαβ
γ Tm+nγ + kmηαβ δ
0,m+n , [k, Tmα ] = 0 . (7.4)
We will refer to the e8(8) subalgebra spanned by the generators T
0
α as the zero-mode
algebra. There is a natural action of the Witt-Virasoro algebra on the generators
Tmα . The Witt-Virasoro algebra has generators Lm, m ∈ Z, and is given by
[Lm, Ln] = (m− n)Lm+n . (7.5)
In terms of the spectral parameter we can identify Lm = −ym+1∂y which yields the
commutators
[Lm, T
n
α ] = −nTm+nα , [Lm, k] = 0 . (7.6)
In order to define an invariant non-degenerate inner product on e9(9) one needs to
pick one of the generators Lm in addition to T
m
α and k. The inner product is then
defined on these generators and is invariant under their action, but it is not invariant
under the action of the remaining Witt-Virasoro generators. Usually one chooses L0,
but it is crucial for our construction to choose L1. The reason is that for a generic
gauging we are going to discuss L1 becomes a generator of the gauge group while L0
remains ungauged. For gauge invariance we therefore need an inner product which
is invariant under L1. It is given by
(Tmα , T
n
β ) = ηαβδ
m+n,1 , (L1, k) = −1 , all others zero. (7.7)
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One can easily check that this inner product is indeed invariant under Tmα , k and
L1 action
1.
Having thus defined the global symmetry algebra we now turn to its represen-
tation theory. An irreducible representation of e9(9) is first of all characterized by
its level, i.e. by its value of k. For the adjoint representation defined by the com-
mutators (7.4) we have k = 0.2 The adjoint representation is not a highest weight
representation, in contrast to the case of finite dimensional Lie algebras. Highest
weight representations of affine Lie algebras only exist for k > 0, and in fact the
possible values for k are quantized [116, 117], in our case k ∈ N. For E9(9) there is
a unique highest weight representation with k = 1 called the basic representation3.
The embedding tensor and the vector fields of d = 2 maximal supergravity trans-
form in the (dual) basic representation. It is therefore this particular highest weight
representation which we need to understand in detail.
In addition to the value of k one needs to specify an irreducible vacuum represen-
tation of the zero-mode algebra in order to completely determine the highest weight
representation of an affine Lie algebra. The vacuum representation is annihilated by
Tmα , m < 0, and all other states can be constructed via the action of T
m
α , m > 0. In
case of the basic representation the vacuum state is a singlet of E8(8). We therefore
denote the basic representation by Q11, where the superscript refers to the value of
k and the subscript indicates the vacuum representation. The L0 grading of the
algebra generators Tmα (m = 0 zero modes, m = 1 first level, etc.) carries over to
the basic representation. We choose L0 = 0 for the vacuum singlet. Acting with T
1
α
yields a 248 representation of E8(8) at level L0 = 1. Acting again with T
1
α yields
several irreducible components at level L0 = 2, namely a singlet 1, a 248 and a
3875. The decomposition of Q11 under E8(8) yields an infinite number of irreducible
E8(8) representations, but finitely many for each L0 level. For L0 ≤ 6 these E8(8)
irreducible components and their multiplicities are listed in table 7.1.
For the lowest L0 levels we now explicitly give the action of e9(9) on the basic
representation. We denote by X l, Y lα and Z
l
αβ the 1, 248 and 3875 component, at
level L0 = l = 0, 1, 2. Since Z
l
αβ only contains a 3875 representation it obeys
Z lαβ = Z
l
(αβ) , η
αβ Z lαβ = 0 , fǫγ
α fδ
βǫ Z lαβ = 2Z
l
γδ . (7.8)
The compact version of these equations is (P3875)αβγδZ lγδ = Z lγδ, where the projector
is given by [118]
(P3875)αβγδ = 17 δγ(αδδβ) − 156ηαβηγδ − 14fǫ(αγfβ)δǫ . (7.9)
We denote the action of Tmα and Lm by δ
m
α and δ
m
L , respectively
4. We have the zero
1 The value of (L1, k) is fixed by the invariance condition ([T
m
α , L1], T
n
β ) + (L1, [T
m
α , T
n
β ]) = 0.
2Note that the adjoint and the co-adjoint representation are not equivalent here.
3For larger values of k there more highest-weight representation.
4 Note the sign in the general relation [δX , δY ] = −δ[X,Y ].
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L0 E8(8) representations
0 1
1 248
2 1 248 3875
3 1 2482 3875 30380
4 12 2483 38752 30380 27000 147250
5 12 2485 38753 303803 27000 147250 779247
6 14 2487 38756 303804 270003 1472502 7792472 2450240
Table 7.1: Decomposition of the E9(9) basic representation into irreducible E8(8) com-
ponents. These E8(8) representations have a natural L0 grading. The total number of
components is infinite, here we only list those with L0 ≤ 6. The subscripts indicate the
multiplicity of the representations.
mode action
δ0αX
l = 0 , δ0αY
l
β = −fαβγY lγ , etc. (7.10)
The action of the positive level generators reads
δ1αX
0 = Y 1α , δ
1
αY
1
β = ηαβ X
2 + fαβ
γ Y 2γ + Z
2
αβ ,
δ2αX
0 = −2Y 2α , etc. (7.11)
The negative level generators act as
δ−1α X
2 = 1
4
Y 1α , δ
−1
α Y
1
β = ηαβ X
0 ,
δ−1α Y
2
β =
1
2
fαβ
γ Y 1γ , δ
−1
α Z
2
βγ = 14 (P3875)βγαδ Y 1δ ,
δ−2α Y
2
β = −ηαβ X0 , etc. (7.12)
Finally, the action of the Witt-Virasoro generators is given by
δ0LX
l = l X l , δ2LX
0 = 4X2 , δ−2L X
2 = 0 ,
δ0LY
l
α = l Y
l
α , δ
1
LY
1
α = −2Y 2α , δ−1L Y 2α = −Y 1α , etc. (7.13)
We thus explicitly gave the symmetry action for levels l ≤ 2 of Q11. These levels will
be found to be already sufficient to explain the gaugings that originate from torus
reductions of higher-dimensional gauged maximal supergravity.
7.1.2 Vector gauge fields
In order to apply the general formalism of chapter 3 to the description of gauged
maximal supergravities in d = 2 we first need to introduce vector gauge fields in a
particular representation of G0 = E9(9). But in contrast to all higher dimensions in
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d = 2 it is a priori not clear which is the appropriate G0-representation. For d > 4
the vector fields already appear in the Lagrangian ungauged theory. For d = 4 only
the electric vector fields appear in the Lagrangian, but only together with their dual
magnetic vector fields they form a representation under the global symmetry group
G0. Therefore, for the gauged theory also the magnetic vector fields are introduced
in the Lagrangian. For d = 3 the ungauged theory can be formulated entirely in
terms of scalars, but in the gauged theory also their dual vector fields are introduced
as gauge fields in the Lagrangian [30, 31, 25]. In d = 2 the reasoning for a particular
vector field representation is less direct, but it is the basic representation of E9(9)
which is the appropriate choice. More precisely, in our conventions it is the dual of
the basic representation which we choose as vector field representation.
Eventually, it is the consistency of the general gauged theory which justifies this
choice. But this choice is well motivated from extrapolation of the representation
theory of the higher dimensional maximal supergravities. In figure 2.10 we gave
the Dynkin diagrams for the global symmetry groups G0 = E11−d(11−d) of maximal
supergravities in 2 ≤ d ≤ 8. For d = 8 the Dynkin diagram has three knots and with
each decreasing dimension one additional knot appears, i.e. there is one additional
“new” simple root in the root lattice of G0. A highest weight representation of
G0 is uniquely characterized by the inner products of the corresponding highest
weight with the simple roots. These inner products need to be non-negative integer
numbers. It turns out that the vector field representations in dimensions 3 ≤ d ≤ 7
are always those highest weight representations whose highest weight has vanishing
inner product with all simple roots that were already present for the respective
higher dimensions and whose inner product with the “new” simple root equals one.
Extrapolating this rule to d = 2 yields Q11 as the vector field representation.
The basic representation is infinite dimensional and it may seem strange to in-
troduce an infinite number of vector gauge fields in the Lagrangian of the gauged
theory. But these vector gauge fields will only appear projected with the embedding
tensor and for any particular gauging, i.e. for any particular valid embedding tensor,
only a finite subset of the gauge fields will enter the Lagrangian.
When considering dimensional reductions to d = 2 maximal supergravity one
can identify the higher dimensional origin of some of the vector fields in the basic
representation. Let us consider as a first example the circle reduction from d = 3
gauged supergravity. The three dimensional global symmetry group is embedded
as the zero mode E8(8) into the d = 2 symmetry group E9(9). The decomposition
of the basic representation under this zero mode E8(8) was given in table 7.1. We
identify the highest singlet, i.e. the vacuum representation, with the Kaluza-Klein
vector field and the 248 at level L0 = 1 with the vector fields that were already
present in d = 3. The other irreducible E8(8) components of Q
1
1 do not have an
immediate interpretation in this context. However, it is also natural to consider the
vector fields in the 1 and 3875 at level L0 = 2 of Q
1
1 as originating from two-form
gauge fields in d = 3.
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As a second example let us consider the torus reduction from d = 11 supergravity.
To identify the higher dimensional origin of the gauge fields we should first identify
the SL(9) symmetry group of the internal torus as a subgroup of the global symmetry
group E9(9). One can embed SL(9) already in the zero-mode E8(8) but this is not the
embedding we are searching for since the zero-mode E8(8) is the symmetry group of
d = 3 maximal supergravity and the torus SL(9) can not be realized in d = 3 already.
However, it is possible to embed SL(9) into E9(9) such that it is not contained in any
E8(8) subgroup of E9(9). In order to construct this embedding we first decompose the
algebra e9(9) under the zero mode E8(8). This yields one 248 representation for each
L0 level as depicted in figure 2.9. We indicate the level, i.e. the charge under L0,
as a subscript, i.e. we have 248l, l ∈ Z. We decompose these E8(8) representations
further under a R+ × SL(8) subgroup of E8(8). They branch as (see also table 2.7)
248l → 8+3,l ⊕ 28+2,l ⊕ 56+1,l ⊕ 10,l ⊕ 630,l ⊕ 56−1,l ⊕ 28−2,l ⊕ 8−3,l ,
(7.14)
where the first subscript indicates the R+ charges which in the following is denoted
by q. The SL(9) algebra which is contained in the zero modes is composed out of
8+3,0 ⊕ 10,0 ⊕ 630,0 ⊕ 8−3,0. The SL(9) algebra which corresponds to the torus
symmetry is given by
sl(9) = 8+3,−1 ⊕ 10,0 ⊕ 630,0 ⊕ 8−3,+1 . (7.15)
We have chosen those SL(8) representations for which q + 3l = 0. This guarantees
that the generators form a closed subalgebra of e9(9). The linear combination q + 3l
also gives a natural grading for all other components of the decomposition. At
each level in this new grading the above components form an irreducible SL(9)
representation, namely
84n = 56+1,(n+2)/3 ⊕ 28−2,(n+5)/3 ,
80n = 8+3,(n−3)/3 ⊕ 10,n/3 ⊕ 630,n/3 ⊕ 8−3,(n+3)/3 ,
84n = 28+2,(n−2)/3 ⊕ 56−1,(n+1)/3 , (7.16)
where n = q+3l. We have thus described the decomposition of e9(9) under the torus
SL(9) which we already anticipated in figure 2.8. The tower of 80 representations
constitutes an infinite dimensional subgroup of E9(9), namely the affine extension
ŜL(9) of SL(9).
In order to decompose the basic representation under this torus SL(9) it is con-
venient to first decompose under ŜL(9) because one then still remains with a finite
number of irreducible components. Concretely, the basic representation of E9(9) de-
composes into three highest weight representations of ŜL(9) (this can be inferred,
for example, from the decompositions given in [119]). They all have k = 1 and the
vacuum SL(9) representations are 9, 36 and 126 with q+3l charges 0, 1 and 2. The
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q + 3l SL(9) representations
0 9
3 9 315
6 92 3152 396 2700
12 94 3155 3962 27002 3465 7560
q + 3l SL(9) representations
1 36
4 36 45 720
7 363 45 7202 2079 3780
13 365 453 7205 20793 37802 4950 6048 19800
q + 3l SL(9) representations
2 126
5 126 630 1008
8 1263 6302 10082 540 1890 8316
14 1266 6305 10085 540 18902 83163 990 2772 15840 27720
Table 7.2: The three k = 1 irreducible ŜL(9) representation that are contained in the
basic representation are further decomposed under SL(9). The SL(9) representations have
a natural q + 3l grading (see the main text). We only list those with q + 3l ≤ 14. The
subscripts indicate the multiplicity of the representations.
decomposition of these three irreducible ŜL(9) representation under SL(9) is given
in table 7.2 for the first few q + 3l levels.
The three vacuum representations are naturally identified as the Kaluza-Klein
vector (the 9), the vector fields that originate from the three-form (the 36) and
the vector fields coming from the dual six-form (the 126) in d = 11. For the
remaining SL(9) representations there is no natural interpretation in the context
of a torus reduction from d = 11. But we have identified a higher dimensional
origin for different vector fields than in the reduction from d = 3. On the way
from table 7.1 to table 7.2 a highly non-trivial re-ordering of the states of the basic
representation takes place. For example the vacuum 36 and 126 representation in
table 7.2 are composed out of states in the 248 representation at L0 = 1 and the
3875 representation at L0 = 2 in table 7.1.
5 Consideration of more complicated
dimensional reductions might disclose a higher dimensional origin of other vector
fields within the basic representation.
5One needs to decompose all SL(9) and E8(8) representations under the common subgroup SL(8)
in order to make the mapping between table 7.1 and 7.2 explicit.
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7.1.3 Linear and quadratic constraint
We now apply the general methods of section 3.1 to the case of d = 2 maximal
supergravity. First, we introduce indices A andM for the adjoint and for the basic
representation of E9(9), respectively. The vector fields in the dual basic representa-
tion are thus denoted by AMµ . Since the gauge algebra may generically contain the
k and L1 generators we want the index A to also take corresponding values, i.e. we
have symmetry generator
TA = {T(m)α, T(0)k, T(1)L} = {Tmα , k, L1} . (7.17)
In equation (7.7) we defined an invariant non-degenerate inner product ηAB =
(TA, TB) on these generators. This also induces an inner product ηAB on the dual
adjoint representation. In addition, we have structure constants fABC and generators
TAMN that describe the symmetry action on the basic representation.
The general covariant derivative (3.3) takes the form
Dµ = ∂µ − g AMµ ΘMA TA . (7.18)
The embedding tensor ΘMA transforms in the tensor product of the basic (k = 1)
and the adjoint (k = 0) representation. Since the latter is not a highest weight
representation also the irreducible components of ΘMA are in general not highest
weight. However, by the linear constraint we demand ΘMA to only contain a single
irreducible component ΘM which transforms in the basic representation, explicitly
ΘMA = ηAB TBMN ΘN . (7.19)
This linear constraint is justified by the fact that all known gaugings are incorporated
in ΘN , as will be explained below. In terms of ΘM the covariant derivative reads
Dµ = ∂µ − g ηAB TAMN AMµ ΘN TB . (7.20)
The quadratic constraint (3.5) then takes the form
ηAB TAMP TBNQΘP ΘQ = 0 . (7.21)
We now give this quadratic constraint for the case that only the first L0-components
of ΘP are non-vanishing. The symmetry action on the components X l, Y lα and Z
l
αβ
of the basic representation were given in equation (7.10) to (7.13) for levels l ≤ 2.
These tensors are now regarded as components of ΘP and we consider the case
ΘP = {X0, Y 1α , X2, Z2αβ} , all other components zero. (7.22)
The quadratic constraint (7.21) then takes the form6
Y 1α f
α
(β
δ Z2γ)δ = 0 , (ηαβX
2 + Z2αβ)f
β
(γ
ρ Z2δ)ρ = 0 . (7.23)
6 From δAΘM = TAMNΘN and relation (7.10) to (7.13) we find T(1)α,(0)X(1)Y β = δβα,
T(1)α,(1)Y β
(2)X = ηαβ , etc. In addition, we find from (7.7) that η
(m)α,(n)β = δm+n,1ηαβ ,
η(1)L,(0)k = −1. Thus, we can evaluate the quadratic constraint (7.21) explicitly on the lowest
components of ΘM.
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For Y 1α = 0 the last equation coincides with the quadratic constraint of d = 3
maximal supergravity [29, 30] if one identifies the d = 3 embedding tensor as
Θd=3αβ = ηαβX
2 + Z2αβ . (7.24)
This means that a simple torus reduction of gauged d = 3 maximal supergravity
yields a gauged d = 2 maximal supergravity with non-vanishing components X2
and Z2αβ of ΘM and all other components zero. Such a torus reduction can also
be twisted, i.e. a generator of the d = 3 symmetry group E8(8) can be chosen as
Scherk-Schwarz generator. This leads to an additional gauging in d = 2 and the
Scherk-Schwarz generator is described by the component Y 1α of ΘM. If the d = 3
theory is already gauged before the Scherk-Schwarz reduction there is a consistency
condition between the d = 3 embedding tensor and the Scherk-Schwarz generator
given by the first equation of (7.23). If the d = 3 theory is ungauged, i.e. Θd=3αβ = 0,
an arbitrary Scherk-Schwarz generator Y 1α can be chosen. In the next section we
will explain that there is an additional freedom in a d = 3 to d = 2 torus reduction,
namely the field strength of the Kaluza-Klein vector field can be chosen to be non-
vanishing (see equation (7.41) below). This corresponds to the component X0 of
ΘM to be switched on and according to (7.23) there is no consistency condition on
the choice ofX0. Thus, we have motivated the linear constraint (7.19) by identifying
the higher-dimensional origin of the components X0, Y 1α , X
2 and Z2αβ of ΘM. The
analogous consideration for torus reductions from d+ 1 to d ≥ 3 dimensions can be
found in appendix A. The only non-generic feature in the d = 3 to d = 2 reduction
is the additional freedom of choosing X0.
We already explained in section 2.2 that the positive mode generators Tmα ,m > 0,
of the Kac-Moody symmetry algebra correspond to the shift-symmetries of an in-
finite tower of dual scalars that can be introduced in d = 2 maximal supergravity.
In contrast, the existence of the negative mode generators Tmα , m < 0, corresponds
to a non-trivial symmetry enhancement and the generators act non-linearly on the
infinite tower of scalars. We will make this explicit in the next section when we intro-
duce a linear system in order to give the complete symmetry action. In gauged d = 2
theories that originate from dimensional reduction of d = 3 maximal supergravity
one expects scalar shift symmetries Tmα , m > 0, to be gauged, but the extended
symmetry generators Tmα , m < 0, should not contribute to the gauge algebra.
Which vector fields AMµ are coupled to which symmetry generators TA by the
various components of ΘM is shown in table 7.3. We find that the Kaluza Klein
vector field 10 is coupled to the zero-mode generators 2480 by the 248+1 (i.e. Y
1
α )
component of ΘM. The vector fields 248+1 that were already present in d = 2
are coupled to the zero-mode generators 2480 by the 1+2 and 3875+2 (i.e. X
2 and
Z2αβ) component of ΘM. This agrees with the above identification of Y
1
α , X
2 and
Z2αβ as the Scherk-Schwarz generator and the components of the d = 3 embedding
tensor, respectively. As expected, we also find from table 7.3 that no negative mode
generators Tmα , m < 0, are excited by these components of ΘM. In contrast, the
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vector fields
10 248+1 1+2 248+2 3875+2 . . .
sy
m
m
et
ry
ge
n
er
at
or
s
...
248+3 — — — 10 — . . .
248+2 — 10 248+1 248+1 248+1 . . .
248+1 — 248+1 248+2 1+2 ⊕ 248+2 248+2 ⊕ 3875+2 . . .
⊕3875+2
L+1 10 248+1 1+2 248+2 3875+2 . . .
k0 — 248+2 1+3 248
b
+3 3875+2 . . .
2480 248+1 1+2 ⊕ 248+2 248a+3 1+3 ⊕ 248a+b+3 248a+3 ⊕ 3875+3 . . .
⊕3875+2 ⊕3875+3 ⊕30380+3
⊕30380+3
248−1 248+2 1+3 ⊕ 248a+b+3 . . . . . . . . . . . .
⊕3875+3
⊕30380+3
...
Table 7.3: The d = 2 couplings of the vector fields AMµ to the symmetry generators
TA are decomposed under the d = 3 symmetry group E8(8). The representations inside
the table denote the components of the embedding tensor ΘM. AMµ and ΘM transform
in the (dual) basic representation which branches according to table 7.1. The adjoint
representation branches into an infinite tower of 248 representations, see table 2.9. In
addition we have the symmetry generators k and L1. The subscripts in the table denote
the charges under L0, which corresponds to the rescalings of the internal circle. For each
entry the L0 charges of ΘM and TA add up to 1 plus the L0 charge of AMµ (this charge
convention slightly differs from the one used in appendix A). The two 248 representation
at level L0 = 3 of the basic representation are distinguished by superscripts a and b.
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248+2 (i.e. Y
2
α ) component of ΘM describes gaugings whose algebra also contains
the 248−1 (i.e. T−1α ) generators. Therefore, these gaugings can not originate from
gauged d = 3 maximal supergravity. The d = 3 embedding tensor does indeed not
contain a 248 component.
We now aim for a more general interpretation of the quadratic constraint (7.21).
It was explained in section 3.1 that the quadratic constraint can be understood as a
projector equation P2(Θ⊗Θ) = 0. In the higher dimensional theories there is a finite
number of irreducible components in the twofold symmetric tensor product of Θ and
P2 can thus be defined by declaring which representations are allowed and which
are forbidden. In contrast, for the present case of d = 2 maximal supergravity, there
is an infinite number of irreducible E9(9) representations in the twofold symmetric
tensor product (Q11 ⊗Q11)sym and the interpretation of the projector P2 in terms of
representation theory is not clear immediately.
The basic representation is a highest weight representation with k = 1. Its
twofold symmetric tensor product thus decomposes into highest weight representa-
tions with k = 2. There are only three of those k = 2 representations. We denote
them by Q21, Q
2
248 and Q
2
3875, because they have have vacuum E8(8) representations
1, 248 and 3875, respectively. The decomposition of these representation under
E8(8) is given in table 7.4 for the first L0 levels. It turns out that Q
2
248 is not
contained in the symmetric tensor product (Q11 ⊗ Q11)sym, but Q21 and Q23875 both
appear with infinite multiplicity. There is natural L0 grading on these Q
2
1 and Q
2
3875
components of the tensor product. The twofold product of the vacuum singlet of Q11
yields a singlet in the tensor product at L0 = 0. This singlet must be the highest
weight of the first Q21 component in the tensor product. For L0 = 1 there is only one
248 representation in (Q11 ⊗Q11)sym and this 248 belongs to the Q21 representation
that starts at L0 = 0, i.e. no irreducible E9(9) representation starts at L0 = 1. For
L0 = 2 one finds most of the E8(8) representations that appear in the tensor product
to be contained in the Q21 that starts at L0 = 0, except for one 1 and one 3875
representation. These representations thus are the vacuum representations of a Q21
and a Q23875 starting at L0 = 2. Continuing that analysis one finds a finite number
of Q21 and Q
2
3875 representation to start at each L0 level, as shown in table 7.5 for
the first few levels.
In the language of conformal field theory what we consider here is a coset model7
[120, 121]
G
H
=
(Ê8)1 ⊕ (Ê8)1
(Ê8)2
, (7.25)
where the subscripts denote the level k for the E8 representations under considera-
tion. The central charge of the Virasoro algebra on (E8)k is given by
ck =
k dim(E8)
k + g∨
, (7.26)
7 We are grateful to Sakura Scha¨fer-Nameki for pointing out this relation to us.
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L0 E8(8) representations
0 1
1 248
2 1 248 3875 27000
3 1 2483 3875 27000 303802 779247
4
13 2485 38754 270004 303803 7792472 1472502 40960002
2450240 4881384
L0 E8(8) representations
0 248
1 248 1 3875 30380
2 2483 1 38752 303802 27000 147250 779247
L0 E8(8) representations
0 3875
1 3875 248 30380 147250
2 38753 2482 303802 1472502 1 27000 779247 2450240
Table 7.4: Decomposition of the three level k = 2 representations of E9(9) into irreducible
E8(8) components. These E8(8) representations have a natural L0 grading. The total
number of components is infinite, we only list the lowest L0 levels. The subscripts indicate
the multiplicities of the representations.
where dim(E8) = 248 is the dimension and g
∨ = 30 is the dual Coxeter number of
E8. This yields c1 = 8 and c2 = 31/2 and thus the coset CFT has central charge
ccoset = 2c1 − c2 = 1/2. Since ccoset lies between zero and one one is dealing with a
minimal model which in this particular case turns out to be the Ising model. For
the CFT implications of this result we refer to [122]. For our purpose it is important
that the two infinite towers of Q21 and Q
2
3875 representations whose beginnings are
shown in table 7.5 form the irreducible highest weight representations V Vir(1,1) and V
Vir
(2,1)
of the Virasoro-Witt algebra (with central charge 1/2), i.e. the symmetric tensor
product of the basic representation branches as
(Q11 ⊗Q11)sym = V Vir(1,1) ⊗ Q21 ⊕ V Vir(2,1) ⊗ Q23875 . (7.27)
The Virasoro-Witt generators on V Vir(1,1) and V
Vir
(2,1) are given by
Lcosetm = L
G
m − LHm , (7.28)
where LGm and L
H
m are the Virasoro-Witt generators induced byG = (Ê8)1⊕(Ê8)1 (i.e.
by (Q11⊗Q11)sym) and by H = (Ê8)2 (i.e. byQ21 andQ23875). We are interested in Lcoset1 .
The Sugawara construction gives an expressions for L1 on the basic representation
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L0 # of Q
2
1 # of Q
2
3875
0 1 —
1 — —
2 1 1
3 1 1
4 2 1
Table 7.5: The decomposition of the two-fold symmetric tensor product (Q11 ⊗ Q11)sym
into irreducible Q21 and Q
2
1 representations is shown for the first L0 levels. We give the
number of Q21 and Q
2
1 representations whose highest weight is at the respective L0 level.
and for LG1 and L
H
1 in terms of the Kac-Moody generators TAM
N , namely
(L1)MN =
1
k1 + g∨
∞∑
n=0
ηαβ T(1+n)αMR T(−n)βRN ,
(LG1 )MN
PQ = 2 (L1)(M(P δ
Q)
N ) ,
(LH1 )MN
PQ =
4
k2 + g∨
∞∑
n=0
ηαβ T(1+n)α (M(R δ
S)
N ) T(−n)β (R
(P δQ)S) , (7.29)
where k1 = 1 and k2 = 2. This yields
(Lcoset1 )MN
PQ =
2
k2 + g∨
(
(L1)(M(P δ
Q)
N ) −
∞∑
n=0
ηαβ T(1+n)α (M(P T(−n)βN )Q)
)
= − 1
k2 + g∨
ηAB TA(M(P T|B|N )Q) , (7.30)
where the index A runs over the Kac-Moody generators and over k and L1, as
introduced in (7.17). Comparing the last equation with (7.21) we find that the
quadratic constraint on ΘM can be written as
Lcoset1 (Θ⊗Θ) = 0 , (7.31)
i.e. Lcoset1 is the projector P2 we were searching for. The symmetric tensor product
Θ⊗Θ is only allowed to contain those representations that are annihilate by Lcoset1 .
According to table 7.5 these are the Q21 at L0 = 0, the Q
2
1 and Q
2
3875 at L0 = 2, a
particular linear combination of the two Q21 representations at L0 = 4, etc.
To summarize, we have argued that the embedding tensor Θ of d = 2 maximal
supergravity transforms in the basic representation of E9(9). Due to this assumption
we could embed the known gaugings that originate from d = 3 torus reduction
into Θ. We will show in the next section that this assumption also allows for the
formulation of the general gauged theory in terms of the embedding tensor. As usual,
one therefore needs the additional quadratic constraint (7.21). Every embedding
tensor in the basic representation that satisfies this quadratic constraint defines a
valid gauging.
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7.2 The gauged theory
7.2.1 Lagrangian of the ungauged theory
The d = 2 maximal supergravity is obtained from torus reduction of higher dimen-
sional maximal supergravity. This statement is of course also true for d > 2, but
it has a particular meaning for the two-dimensional case. In d = 2 the ordinary
Einstein-Hilbert action describes a topological invariant (the Euler number) and
thus does not yield any equation of motion. From a purely two-dimensional per-
spective it is thus not clear what a theory of gravity or supergravity should look like
and the higher dimensional origin is necessary to define it.
We thus start from the ungauged d = 3 maximal supergravity, which has a global
E8(8) symmetry. For the Lie algebra of E8(8) we need the decomposition e8(8) = h⊕ k
into the compact part h = so(16) and the non-compact part k. This is a symmetric
space decomposition, i.e. we have the following commutators
[h, h] = h , [h, k] = k , [k, k] = h . (7.32)
We indicate the projection h and k by corresponding subscripts, i.e. for Λ ∈ e8(8) we
have
Λ = Λh+ Λk , Λh ∈ h , Λk ∈ k . (7.33)
In addition we define the following involution on e8(8) elements
−ΛT = Λh − Λk . (7.34)
The 128 scalars of maximal d = 3 supergravity arrange in an E8(8)/SO(16) coset and
are the only bosonic degrees of freedom of the theory. They are described by a coset
representative V which is a group element of E8(8) and transforms under global E8(8)
transformations from the left and local SO(16) transformations from the right, i.e.
V → g V h(x) , g ∈ E8(8) , h(x) ∈ SO(16) . (7.35)
The scalar currents are defined by
V−1∂µˆV = Qµˆ + Pµˆ , Qµˆ ∈ h , Pµˆ ∈ k . (7.36)
The current Qµˆ is a composite connection for the local SO(16) gauge invariance, i.e.
it appears in covariant derivatives of all quantities that transform under SO(16), in
particular
DµˆPνˆ = ∂µˆPνˆ + [Qµˆ, Pνˆ] . (7.37)
The integrability conditions for (7.36) are given by
D[µˆPνˆ] = 0 , Qµˆνˆ ≡ 2∂[µˆQνˆ] + [Qµˆ, Qνˆ ] = −[Pµˆ, Pνˆ ] . (7.38)
108
CHAPTER 7. THE MAXIMAL SUPERGRAVITIES IN D = 2
The bosonic Lagrangian of maximal d = 3 supergravity is given by the Einstein-
Hilbert term coupled to the non-linear sigma model of the scalar coset, i.e. [123]
Ld=3 = 12 eˆR(3) − 12 eˆ tr(PµˆP µˆ) , (7.39)
where eˆ is the determinant of the three-dimensional vielbein. The general Ansatz
for a torus reduction and the resulting effective Lagrangian were given in (2.3) and
(2.4) (compared to section 2.1 we rescaled the Lagrangian by a factor 1/2). For our
particular case the effective two-dimensional Lagrangian reads
Ld=2 = 12 e ρR(2) − 18 e ρ3Aµν Aµν − 12 e ρ tr(PµP µ) , (7.40)
where Aµν = 2∂[µAν] is the field strength of the Kaluza-Klein vector field, ρ is the
dilaton and e is the determinant of the two-dimensional vielbein. The equations of
motion for Aµ can be integrated to an algebraic equation for the field strength
Aµν = ξ e ρ
−3 ǫµν , (7.41)
where ξ is an integration constant and ǫµν is the Levi-Civita tensor (ǫ01 = 1). Due
to the last equation the vector fields can be integrated out and their kinetic term
becomes a scalar potential for ρ. One thus obtains a deformation of the ungauged
theory which is parameterized in terms of ξ. Therefore, ξ has to be a component of
the embedding tensor and it turns out that it is the L0 = 0 singlet of ΘM, which
was denoted X1 above8. For the description of the ungauged theory we set ξ = 0
and thus the vector field term in the Lagrangian (7.40) vanishes.
In two-dimensions a Weyl rescaling is not possible. As mentioned above the
usual Einstein-Hilbert term is a total derivative anyway. What is possible in two
dimensions is a conformal rescaling, i.e. the metric gµν can be brought into diagonal
form by fixing part of the general coordinate invariance. We make us of this freedom
by choosing the following conformal gauge
gµν = ηµν exp 2σˆ , (7.42)
where ηµν is the flat space Minkowski metric and σˆ is the conformal factor. The
vielbein determinant and the curvature scalar then read
e =
√
− det(gµν) = exp 2σˆ ,
R(2) = −2gµν∂µ∂ν σˆ = −2 exp(−2σˆ)ηµν∂µ∂ν σˆ . (7.43)
In the rest of this chapter we raise and lower indices no longer with gµν but with
ηµν , i.e. we use flat space conventions
9. In conformal gauge the Lagrangian (7.40)
8The factor between X1 and ξ still needs to be determined.
9Note that the connection on the two-dimensional manifold is non-zero wrt gµν . For example,
we have a non-trivial covariant derivative in
Dµ∂νρ = ∂µ∂νρ− (∂µσˆ)(∂νρ)− (∂µρ)(∂ν σˆ) + ηµν(∂λσˆ)(∂λρ) .
But we never use covariant derivatives in the following, instead we write out the appropriate ∂µσˆ
corrections explicitly. See for example the left hand side of the conformal constraint (7.46), which
equals − 12D±∂±ρ. Note also that Dµ∂µρ = ∂µ∂µρ.
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for X1 = 0 takes the form
L = (∂µσˆ)(∂µρ) − 12 ρ tr(PµP µ) . (7.44)
From this Lagrangian one gets the following equations of motion
ρ = 0 , σˆ + 1
2
tr(PµP
µ) = 0 , Dµ(ρP
µ) = 0 . (7.45)
However, the Lagrangian (7.44) does not reproduce all equations of motion of the
theory. Those equations that descend from variation of the gauged fixed metric
components10 are missing and have to be imposed by hand as a conformal constraint.
It is convenient to introduce light-cone coordinates x± = 1/
√
2(x0 ± x2).11 The
conformal constraint then reads
(∂±σˆ)(∂±ρ)− 12∂±∂±ρ = 12 ρ tr(P±P±) (7.46)
Defining σ = σˆ − 1
2
ln((∂+ρ)(∂−ρ)) and using ρ = 0 we can write the conformal
constraint as
(∂±σ)(∂±ρ) = 12 ρ tr(P±P±) (7.47)
In contrast to σˆ we find σ to transforms as a scalar (i.e. to stay invariant) under those
coordinate transformations that are compatible with the conformal gauge (7.42), i.e.
under x+ 7→ x′+ = f(x+) and x− 7→ x′− = g(x−). The field equations (7.45) are not
modified when replacing σˆ by σ. When can thus also make this replacement in the
Lagrangian (7.44).
7.2.2 Linear system
In the last subsection the bosonic Lagrangian and the field equations of maximal
d = 2 supergravity were presented. We now show that this theory is invariant
under the global symmetry group G0 = E9(9). The Lagrangian (7.44) is manifestly
invariant under the three-dimensional symmetry group E8(8), which is the subgroup
of E9(9) generated by the zero-mode generators T
0
α. The complete E9(9) symmetry is
not realized at the level of the Lagrangian but only onshell. We already encountered
such a situation for the four-dimensional theories in chapter 4. There, the global
symmetry group G0 transformed electric and magnetic vector fields into each other,
but in the ungauged theory the latter were only introduced onshell as dual to the
electric fields. Things are similar in d = 2, but with vector fields replaced by
scalars. There is an infinite tower of dual scalars that can be defined onshell out of
the scalars V which appear in the Lagrangian. The E9(9) symmetry is only defined
on this infinite tower of scalars and thus is an onshell symmetry.
10 These are the off-diagonal and the traceless part of the components, i.e. g01 and g00 + g11.
11 In light-cone coordinates we have η±∓ = 1, η±± = 0, ǫ±∓ = ±, ǫ±± = 0.
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In order to define dual scalars one needs to identify currents that are conserved
due to the equations of motion. The simplest example is the current of the dilaton
∂µρ which is conserved due to ρ = 0. The dual dilaton ρ˜ is thus defined by
∂µρ˜ = ǫµν ∂
νρ , or ∂±ρ = ±∂±ρ . (7.48)
In most of the following we find it convenient to give the duality equations in light-
cone coordinates. The last two equations show that those formulas can be easily
translated into a coordinate independent notation by using the Levi-Civita ten-
sor. Equation (7.48) only defines ρ˜ up to a constant shift ρ˜ 7→ ρ˜ + λ. Such shift-
symmetries appear for all of the dual scalars we are going to introduce. Note that a
further dualization of ρ˜ simply yields the dilaton ρ, i.e. there is no infinite tower of
dual fields in the case of the dilaton. This is different for the non-Abelian scalars V.
The field equation Dµ(ρP
µ) of V can also be written as a conservation law
∂µ(ρJ
µ) = 0 for the current Jµ = (∂µV)V−1 = VPµV−1. While Pµ transforms under
local SO(16) transformations Jµ transforms under global E8(8) transformations. The
dual scalars to V are called dual potentials. The dual potentials Yi, i ∈ N, are e8(8)
algebra valued, i.e. they transforms in the adjoint representation of E8(8). The first
dual potential Y1 is defined by
∂±Y1 = ±ρJ± = ±ρVP±V−1 . (7.49)
This equation is consistent since Jµ is conserved. We can now use Y1 to define
another conserved current and thus a second dual potential Y2. Using Y1 and Y2 we
can define the third dual potential Y3, etc. To convey an impression of how that
works we give the defining equations for Y2 and Y3 explicitly
∂±Y2 = −
(±ρρ˜+ 1
2
ρ2
)VP±V−1 − 12 [Y1, ∂±Y1] ,
∂±Y3 = −
(∓1
2
ρ3 ∓ ρρ˜2 − ρ2ρ˜)VP±V−1 − [Y1, ∂±Y2]− 16 [Y1, [Y1, ∂±Y1]]] . (7.50)
Obviously, it is rather inconvenient to define each dual potential separately. For-
tunately, there is a generating function for all the dual potentials which is called
the linear system [109, 110, 111]. For the definition of the linear system we need
the spectral parameter y and its inverse w = 1/y. We first need to introduce the
complex valued function γ(w) by
γ =
1
ρ
(
w + ρ˜−
√
(w + ρ˜)2 − ρ2
)
, w =
ρ
2
(
γ +
1
γ
)
− ρ˜ . (7.51)
The second equation is a consequence of the first one. Since a square root appears
in the definition of γ it formally takes values on a Riemann surface which is two-fold
covering of the complex w-plane. For our purposed we simply consider γ as formal
series in negative powers of w, i.e.
γ =
1
2
ρw−1 − 1
2
ρρ˜w−2 +
1
8
(
ρ3 + 4ρρ˜2
)
w−3 − 1
8
(
3ρ3ρ˜+ 4ρρ˜3
)
w−4 +O(w−5)
(7.52)
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We refer to γ as the variable spectral parameter, in contrast to w (or y) which is
referred to the constant spectral parameter. While ∂±w = 0 we find the variable
spectral parameter to obey the following differential equation
∂±γ
γ
=
∂±ρ
ρ
1∓ γ
1± γ . (7.53)
We now introduce the E8(8) valued function Vˆ(w). It also has a formal expansion
in negative powers of w. Since Vˆ it is group valued we use the following expansion
Vˆ = . . . e(−Y4w−4)e(−Y3w−3)e(−Y2w−2)e(−Y1w−1)V , (7.54)
where the dual potentials Yi appear as coefficients in the expansion and we have
Vˆ(w = ∞) = V. The following linear system defines Vˆ in terms of the scalars V
that appear in the Lagrangian
Vˆ−1∂±Vˆ = Q± + Pˆ± , Pˆ± = 1∓ γ
1± γ P± . (7.55)
For a flat space sigma model (with Lagrangian L = 1
2
trPµP
µ) one can define the
linear system by using the constant spectral parameter w. For a curved space
sigma model one accounts for the dilaton dependence in the equations of motion by
replacing w with the variable spectral parameter γ. The integrability conditions for
(7.55) read
Qµν + [Pˆµ, Pˆν ] = 0 , D[µPˆν] = 0 . (7.56)
We find
[Pˆµ, Pˆν ] = [Pµ, Pν ] , ǫ
µνDµPˆν =
1 + γ2
1− γ2 ǫ
µνDµPν − 2γ
1− γ2ρ
−1Dµ(ρP µ) . (7.57)
Thus, the integrability equations are satisfied due to the integrability equations
(7.38) for Pµ and Qµ and due to the equations of motions (7.45). By expanding
the linear system in powers of w according to (7.52) and (7.54) we find the defining
equations for all dual potentials. In particular, we reproduce the defining equations
(7.49) and (7.50) for the first three dual potentials.
The whole tower of dual scalars is contained in Vˆ. One can consider Vˆ as the
coset representative of the scalar coset G0/H = E9(9)/K(E9), where K(E9) is the
maximal compact subgroup of E9(9). In order to define the Lie algebra ke9 of K(E9)
we consider an algebra element Λ ∈ e9(9) as an e8(8) valued function of w and thus
of γ. Λ(γ) is contained in the subalgebra ke9 if it obeys
ΛT (γ) = −ΛT
(
1
γ
)
. (7.58)
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Analogous to (7.35) we want the E9(9) symmetry to act on Vˆ form the left while
K(E9) shall act from the right. A generic E9(9) action destroys the form (7.54) of
Vˆ, because Vˆ may not have an expansion in negative powers of w anymore. We
therefore demand for a compensating K(E9) action that restores the form (7.54),
i.e.
Vˆ → g Vˆ h(g, x) , g ∈ E9(9) , h(g, x) ∈ K(E9) . (7.59)
This defines our E9(9) action. Apart form the SO(16) transformations in the zero-
mode E8(8) there is no additional freedom of K(E9) transformation. We are thus
dealing with a gauged fixed version of the scalar coset, known as Breitenlohner-
Maison gauge [124]. Those symmetry transformations g that are generated by the
non-negative Kac-Moody generators Tmα , m ≥ 0, do not destroy the Breitenlohner-
Maison gauge and thus do not need a compensating K(E9) transformations. These
transformations correspond to the zero-mode E8(8) and to the shift-symmetries of
the dual potentials Yi. On the other hand, those E9(9) transformations g that are
generated by the negative modes Tmα , m < 0, of the Kac-Moody algebra need
a compensating K(E9) transformation that restores the gauge fixing. They are
thus not realized linearly on the coset representative Vˆ. An explicit expression for
the symmetry action on Vˆ is given in the next subsection for infinitesimal E9(9)
transformation.
The gauge fixing of Vˆ is crucial in order to guarantee convergence of the expres-
sions in which Vˆ enters and in order to interprete Vˆ as a tower of dual potentials.
However, in principle one is not restricted to the Breitenlohner-Maison gauge. For
example, in table 2.8 we gave the decomposition of e9(9) under the R
+× SL(9) that
corresponds to the torus group in dimensional reduction from d = 11. A valid gauge
fixing is given by demanding Vˆ to be generated only by the non-negative generators
in this decomposition. The choice of the gauge fixing is analogous to the choice of
the symplectic frame in d = 4 supergravity. This analogy suggests that for every
particular gauging of d = 2 supergravity there should be a natural gauge fixing that
simplifies the form of the gauged Lagrangian. In our presentation we stick to the
Breitenlohner-Maison gauge which is induced by dimensional reductions from d = 3
and corresponds to the form (7.44) of the ungauged Lagrangian.
7.2.3 Global symmetry action
Equation (7.59) defines the symmetry action of E9(9) on the scalars, but it does not
give an explicit expression for the necessary compensating K(E9) transformations.
In this subsection we give explicit formulas for the action of an algebra element
L = LATA = Λα(w) tα + λL1 + κ k (7.60)
on the scalars σ, ρ, ρ˜ and Vˆ. These formulas are needed in the next subsection to
write down the appropriate covariant derivatives for these scalars and to check gauge
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invariance of the Lagrangian. According to (7.60) we have symmetry parameters
λ and κ which are reals numbers and an parameter Λ(w) that describes the e9(9)
transformations. We treat Λ(w) as an e8(8) valued function of w (respectively of
y = 1/w).
The action of the central extension k on the scalars is given by12
δκρ = 0 , δκρ˜ = 0 , δκσ = −κ , δκVˆ = 0 , (7.61)
i.e. the central extension acts as a shift symmetry on the conformal factor σ and
leaves all other scalars invariant [124].
The Witt-Virasoro generator L1 is represented as a differential operator L1 =
−y2∂y = ∂w. This representation defines the action of L1 on Vˆ(w), γ(w) and σ.
According to (7.51) and (7.52) the action on ρ and ρ˜ is induced by the action on
γ(w). We find
δκρ = 0 , δκρ˜ = λ , δκσ = 0 , δκVˆ = λ ∂w Vˆ , (7.62)
i.e. L1 acts as a shift symmetry on ρ˜ and it also acts non-trivially on the dual
potentials Yi, i ≥ 2, that are contained in Vˆ , but it leaves ρ, σ, V and Y1 invariant.
In order to give the action of the Kac-Moody generators Tmα = w
−mtα it is very
convenient to introduce the following notation. For an arbitrary function f(w) of
the spectral parameter w we define
〈f(w)〉w ≡
∮
l
dw
2πi
f(w) = −Resw=∞f(w) , (7.63)
The path l is chosen such that only the residual at w = ∞ is picked up. For our
purposes it is sufficient to consider f(w) as a formal expansion in w, i.e. f(w) =∑∞
m=−∞ fmw
m. We then have 〈f(w)〉w = f−1. Sometimes we also use variables v or
u instead of w. An expression that appears regularly is〈
f(v)
v − w
〉
v
=
〈 ∞∑
m=0
f(v)wm
vm+1
〉
v
=
∞∑
m=0
fmw
m . (7.64)
Another useful relation is〈〈f(w, v)
v − w
〉
v
〉
w
−
〈〈f(w, v)
v − w
〉
w
〉
v
= 〈f(w,w)〉w . (7.65)
For Λ = Λα(w)tα ∈ e9(9) we introduce the abbreviation Λ˜ = Vˆ−1ΛVˆ. According to
(7.33) the compact and non-compact part of Λ˜ are denoted
Λ˜h = [Vˆ−1ΛVˆ]h , Λ˜k = [Vˆ−1ΛVˆ]k . (7.66)
12 In terms of our notation in (7.10) to (7.13) we now have δκ = κδ
0
k, δλ = λδ
1
L and δΛ =∑∞
m=−∞ Λ
α
mδ
m
α , where Λ(w) =
∑∞
m=−∞ Λ
α
mw
−m.
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In terms of this notation the action of Tmα = w
−mtα on the scalar fields is given by
[115]
δΛ ρ = 0 ,
δΛ ρ˜ = 0 ,
δΛ σ = − tr
〈
Λ(w) ∂w Vˆ(w) Vˆ−1(w)
〉
w
,
Vˆ−1δΛ Vˆ(w) = Λ˜(w)−
〈
1
v − w
(
Λ˜h(v) +
γ(v) (1− γ2(w))
γ(w) (1− γ2(v)) Λ˜k(v)
)〉
v
. (7.67)
The variation of Vˆ can also be written as δΛVˆ = ΛVˆ + Vˆh. The first term in this
variation describes the left action of Λ on Vˆ, the second term is the compensating
K(E9) transformation from the right, i.e. h ∈ ke9(9). Equation (7.67) gives an explicit
expression for h in terms of Λ.
According to (7.54) the E8(8)/SO(16) representative V is contained in Vˆ . Equa-
tion (7.67) thus also gives the action of E9(9) on V. Using (7.65) we find
V−1 δΛV =
〈
w−1 Vˆ−1δΛ Vˆ(w)
〉
=
〈
2γ(w)
ρ (1− γ(w)2) Λ˜k(w)
〉
w
, (7.68)
The action of k, L1 and T
m
α given in (7.61), (7.62) and (7.67) satisfies the symmetry
algebra (7.4), (7.6).
7.2.4 Lagrangian of the gauged theory
We now present the bosonic Lagrangian of gauged d = 2 maximal supergravity. The
gaugings are parameterized by an embedding tensor ΘM. The ungauged Lagrangian
(7.44) is formulated in terms of scalar fields σ, ρ and V. Onshell one can define the
dual dilaton ρ˜ and the E9(9)/K(E9) coset representative Vˆ that contains the dual
potentials Yi. We also introduced vector fields A
M
µ in the dual basic representation
of E9(9). All these fields can feature in the Lagrangian of the gauged supergravity.
The dual scalars and the vector fields only appear projected with the embedding
tensor ΘM. Thus, ΘM determines the field content of the theory and for ΘM → 0
the ungauged supergravity is recovered.
The general covariant derivative (7.20) can be written as
Dµ = ∂µ − gAαµ(w) tα − g Bµ L1 − g Cµ k , (7.69)
where we introduced the following Θ-projections of the vector fields AMµ
Bµ = −T(0)k,MN AMµ ΘN = −AMµ ΘM ,
Cµ = −T(1)L,MN AMµ ΘN ,
Aαµ(w) =
m=∞∑
m=−∞
w−m ηαβ T(1−m)β,MN AMµ ΘN . (7.70)
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These projections correspond to the symmetry parameters Λ, λ and κ introduced
in (7.60). The action of the covariant derivative on the various scalars reads
Dµρ˜ = ∂µρ˜− Bµ
Dµσ = ∂µσ + Cµ + tr
〈
Aµ(w) ∂wVˆ(w)Vˆ−1(w)
〉
w
V−1DµV = V−1∂µV −
〈 2γ(w)
ρ (1− γ(w)2) A˜µ(w)k
〉
w
≡ Pµ +Qµ ,
Vˆ−1DµVˆ(w) = Vˆ−1∂µVˆ(w)− BµVˆ−1∂wVˆ(w)− A˜µ(w)
+
〈
1
v − w
(
[A˜µ(v)]h+ γ(v) (1− γ
2(w))
γ(w) (1− γ2(v)) [A˜µ(v)]k
)〉
v
,
(7.71)
where A˜µ = Vˆ−1AµVˆ. Note that we defined the covariant generalization Pµ of the
scalar current Pµ. The current Qµ remains unchanged compared to the ungauged
theory13.
We can now present the bosonic part of the general gauged Lagrangian
L = Lkin + Ltop . (7.72)
It consists of a kinetic term
Lkin = ∂µρDµσ − 12 ρ tr(PµPµ) , (7.73)
and a topological term
Ltop = ǫµν
{
g tr
〈
Aµ (∂ν Vˆ − VˆQν) Vˆ−1 − 1 + γ
2
1− γ2 Aµ VˆPνVˆ
−1
〉
w
− g
(
Cµ + tr
〈
Aµ ∂wVˆ Vˆ−1
〉
w
)
∂ν ρ˜
+ 1
2
g2 CµBν + 12 g2 tr
〈〈 1
v − w [A˜µ(w)]h [A˜ν(v)]h
+
(γ(v)− γ(w))2 + (1− γ(v)γ(w))2
(v − w)(1− γ(v))2(1− γ(w))2 [A˜µ(w)]k [A˜ν(v)]k
〉
v
〉
w
}
.
(7.74)
In addition, supersymmetry demands a scalar potential whose general form (in terms
of ΘM) still needs to be determined. The scalar potential and the Lagrangian
Lkin + Ltop which we are considering here are both gauge invariant on its own.
The variation of the Lagrangian with respect to the vector fields reads
δL = − g δCµ X µ + g tr〈δAµ Yµ〉w , (7.75)
13This is due to our particular SO(16) gauge choice in equation (7.67).
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where
Xµ = − ∂µρ+ ǫµνDν ρ˜ ,
Yµ = Vˆ
[
2γ
1− γ2P
µ − 1 + γ
2
1− γ2 ǫ
µνPν + ǫµν Vˆ−1(DνVˆ − VˆQν)
]
Vˆ−1 − ∂wVˆ Vˆ−1X µ .
(7.76)
As field equations we thus find Θ-projections of Xµ = 0 and Yµ = 0. These are the
covariantized versions of the duality equations (7.48) and (7.55) that render ρ dual
to ρ˜ and V dual to Vˆ. These duality equation transform in the (gauged fixed) adjoint
representation of G0. They arrange in the algebra valued current Zµ = Z
A
µ TA as
follows
Zµ = Yαµ (w)tα + XµL1 . (7.77)
In the covariant formulation the variations (7.75) give rise to the following field
equations
TAMN ΘN ZAµ = 0 . (7.78)
For the derivation of the order g2 terms in (7.75) from the above Lagrangian one
needs the following constraint on the projections of the vector fields
tr
〈
Aµ(w) δAν(w)
〉
w
− Bµ δCν − Cµ δBν = 0 . (7.79)
By virtue of the definitions (7.70) the last equation is equivalent to the quadratic
constraint (7.21) on ΘM.
The parameter of gauge transformations LM transforms in the dual basic repre-
sentation. Under gauge transformations the scalars transform according to (7.61),
(7.62) and (7.67) with Θ-projected parameters Λ, λ and κ given by
ηAB TBMN ΘN LM TA = Λα(w) tα + λL1 + κ k . (7.80)
The Lagrangian (7.72) is invariant under gauge transformations if we define the
gauge transformations of the vector fields as follows14
∆AMµ = DµL
M + ǫµν TANM LN ZνA . (7.81)
Thus, the vector fields transform into the duality equations of the scalars, just as the
d = 4 two-forms transform into the duality equation between electric and magnetic
vector fields. For the Θ-projected vector fields one finds
∆Aµ = DµΛ + 12 ǫµν [Λ,Yν ]− 12 ǫµν (∂wΛ)X ν + additional terms ,
∆Cµ = Dµκ+ 12 ǫµν tr〈Λ ∂w Yν〉w + additional terms , (7.82)
14We have checked gauge invariance explicitly up to terms of order g1 so far, but the g2 terms
of the Lagrangian are already completely determined by demanding (7.75).
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where the additional terms are such that they vanish under the contraction with Xµ
and Yµ in (7.75).
For the vector fields Aµ we have the expansion
Aαµ =
∞∑
m=−∞
Aα(m)µ Tmα =
∞∑
m=−∞
w−mAα(m)µ tα . (7.83)
Due to the gauge fixing (7.54) of Vˆ(w) we find that ∂wVˆVˆ−1 has an expansion in
negative powers of w that starts with w−2 and VˆYµVˆ−1 has an expansion in negative
powers of w that starts with w−1. From the variation (7.75) we thus find that the
positive mode vector fields Aα(m)µ , m > 0, do not enter the Lagrangian at all, i.e. a
gauging of the shift symmetries of the dual potentials is not visible in the Lagrangian.
From the Lagrangian itself this fact is not obvious since the quadratic constraint was
used to derive (7.75). The gauge fixing of Vˆ thus seems to induce a truncation of
the gauge group in the Lagrangian. Nevertheless the Lagrangian is invariant under
all gauge transformations. The shift symmetries of the dual potentials Yi only do
not seem to be gauged because no vector gauge field is coupled to them.
We have thus presented the bosonic Lagrangian of maximal gauged d = 2 su-
pergravity. What is missing in the description of the complete gauged supergravity
are the fermionic correction (the fermionic mass terms) and the scalar potential.
In order to work them out one needs to understand the irreducible components of
the T -tensor, i.e. the branching of the basic representation of E9(9) under K(E9).
Corresponding to the finite number of fermions there are finite K(E9) components
in this decomposition that correspond the fermion mass matrices. In addition, we
already checked that the replacement ∂µ → Dµ in the kinetic terms of the fermions15
yields fermionic contributions to the variations (7.75) that agree with the fermionic
corrections to the linear system given in [114, 115]. Finally, we also still need to give
the covariant version of the conformal constraint (7.47).
7.2.5 SO(p, 9− p) gaugings
We want to finish this chapter with a short discussion of the SO(9) gaugings that
originate from a warped sphere reductions of d = 10 IIA supergravity [103, 125, 102].
Closely related are the compactifications on the non-compact manifolds Hp,8−p that
result in gauge groups SO(p, 9−p) (for details see section 6.4.2). We want to identify
the embedding tensors ΘM that defines these gaugings.
The embedding tensor ΘM transforms in the basic representation of E9(9). The
appropriate starting point for our analysis is the decomposition of the basic repre-
sentation under SL(9) which is given in table 7.2. The corresponding decomposition
15Normally the fermions do not transform under G0 but only under H , but since we have a
gauged fixed realization of G0 we have induced H that act on the fermions.
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of the symmetry algebra is given in table 2.8. We want to show that an embedding
tensor for which only the 45 component at q + 3l = 4 is non-zero always satis-
fied the quadratic constraint (7.21). To do so we first need to specify into which
other components this 45 can transform under the symmetry action of the basic
representation. Under the zero-mode sl(9)0 it transform into itself. Under the 84+1
symmetry generator it transforms into the 315. at q+3l = 3. Under the 80+3 sym-
metry generator it transforms into the 36 at q + 3l = 1. These are all non-negative
symmetry generators under which the 45 transforms. With this information we
find the quadratic constraint to be a projector equation from the symmetric tensor
product (45 ⊗ 45)sym to the tensor product 36 ⊗ 45, where the 36 is the one at
q + 3l = 1. Asking for the irreducible components in these tensor products we find
(45⊗ 45)sym = 495⊕ 540 , 36⊗ 45 = 630⊕ 990 . (7.84)
Since the two tensor products have no representation in common there is no non-
trivial SL(9) invariant projector between them and thus the quadratic constraint is
satisfied for every choice of the 45 component.
The 45 can be parameterized by a symmetric 9× 9 matrix Y . By fixing part of
the SL(9) symmetry this matrix can be brought into the form
Y = diag( 1, . . . ,︸ ︷︷ ︸
p
−1, . . . ,︸ ︷︷ ︸
q
0, . . .︸ ︷︷ ︸
r
) , (7.85)
with p+ q+ r = 9. Such an embedding tensor gauges a subgroup CSO(p, q, r) of the
zero-mode SL(9). The corresponding gauge fields are the one in the 36 at q+3l = 1.
For r = 0 we have the SO(p, 9− p) gaugings we were looking for. In addition, some
of the positive generators of the symmetry algebra are excited. The 84+1 is not
excited, the 84+2 is gauged completely, 44 generators of the 80+3 are gauged, etc.
The gauged Lagrangian (7.72) is formulated in a manifestly E8(8) covariant way.
For the analysis in this subsection we used the SL(9) decomposition of the basic
and of the adjoint representation. The relation between the E8(8) and the SL(9)
was explained in section 7.1.2. If we consider the SO(9) gauging in the E8(8) picture
we find the SO(9) algebra itself to be contained in the zero-modes and in the first
positive and the first negative algebra modes of E9(9). At the level of the Lagrangian
all positive algebra modes seem to be cut (shift symmetries for the dual potential
are not gauged in the Lagrangian) and what is left of the SO(9) gauge group is a
semi-direct product SO(8)⋉R8. Parts of the excited 84+2 and 80+3 generators are
also contained in the zero-mode E8(8). In total one finds a gauge group
G = ((SO(8)⋉R8+)⋉R
28
+ )⋉R
8
+ (7.86)
From this perspective it is not obvious that an SO(9) gauge group is realized.
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Chapter 8
Conclusions and outlook
We presented the general structure of gauged supergravities in various space-time
dimensions. We reviewed the concept of the embedding tensor Θ which parameter-
izes the possible gaugings of the respective theory. Θ is defined as a tensor under
the global symmetry group which couples the vector gauge fields to the symmetry
generators in the covariant derivative. Furthermore, Θ also determines all other cou-
plings that have to be introduced in the gauged theory in order to preserve gauge
invariance and supersymmetry, such as Stu¨ckelberg type couplings in the p-form
field strengths, generalized topological terms and fermionic mass terms. For consis-
tency of the construction the embedding tensor has to obey a linear and a quadratic
constraint which can be formulated as representation constraints on the irreducible
components of Θ and on Θ⊗Θ.
These general methods were then applied to particular extended supergravity
theories. For each case we identified the allowed irreducible components of Θ and
in terms of those we gave the respective universal Lagrangian and the supersymme-
try transformations of the gauged theory. We also discussed particular examples of
gaugings and whenever possible we identified the origin of these gaugings in dimen-
sional reduction.
The gaugings of d = 4 half-maximal supergravity are parameterized by two
SL(2)×SO(6, n) tensors fαMNP and ξαM . All previously known examples of gaugings
can be described by turning on either fαMNP or ξαM . E.g. in orientifold compactifi-
cations of IIB we found the flux parameters to be contained in fαMNP . The phases
that were introduced by de Roo-Wagemans [66, 67, 78] in order to have AdS and
Minkowski vacua in the gauged supergravities are also contained as parameters in
fαMNP . On the other hand, Scherk-Schwarz reduction from d = 5 with a non-trivial
SO(1, 1) twist yields a theory with vanishing fαMNP but non-vanishing ξαM [79].
For a general gauging both tensors can be non-vanishing. It would be interesting to
further study these new theories by classifying their ground states, computing the
mass spectrum and analyzing stability. Also the higher-dimensional origin of many
of these theories such as the ones with non-vanishing de Roo-Wagemans phases is
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still unknown. The compactifications that yield these gaugings might be of uncon-
ventional type [22, 23, 24].
For the d = 5 half-maximal supergravity the general gaugings are parameter-
ized by three SO(1, 1) × SO(5, n) tensors fMNP , ξMN and ξM . The gaugings with
ξM = 0 were already described in [86], but it is necessary to incorporate ξM to also
include non-semi-simple gaugings that result from Scherk-Schwarz dimensional re-
duction [79]. For a generic gauging all three tensors may be non-zero. We discussed
the dimensional reduction of these five-dimensional theories and showed how the
parameters of the d = 5 gaugings are contained in those of the d = 4 gaugings.
For the maximal seven-dimensional supergravities the gaugings are described by
two SL(5) tensors YMN and Z
MN,P . In terms of these tensors we gave the univer-
sal Lagrangian that combines vector, two-form and three-form tensor fields. The
Lagrangian is invariant under an extended set of non-Abelian gauge transforma-
tions as well as under maximal supersymmetry. The p-form gauge fields enter via
Stu¨ckelberg type couplings in the generalized field strengths of the respective lower
rank gauge fields and they all couple through a unique gauge invariant topologi-
cal term. This ensures that the total number of degrees of freedom is independent
of YMN and Z
MN,P . As particular examples we have recovered the known seven-
dimensional gaugings as well as a number of new gaugings. Some of these theories
have a definite higher-dimensional origin, such as the Scherk-Schwarz reduction from
d = 8 dimensions and the (warped) sphere reductions from string and M-theory.
Finally, we discussed the gaugings of d = 2 maximal supergravity. In this case
the global symmetry group of the ungauged theory is the infinite dimensional affine
Lie group E9(9). We have shown that the vector fields and the embedding tensor Θ
transform in the (dual) basic representation, i.e. in the unique level one representa-
tion of E9(9). The basic representation is infinite dimensional and thus the embed-
ding tensor contains an infinite number of gauge parameters. We worked out the
quadratic constraint on Θ and gave its interpretation as a projector equation on the
infinite tower of level two representations in the tensor product Θ ⊗ Θ. We then
presented the bosonic Lagrangian (up to the scalar potential) of the gauged theory
and showed that the quadratic constraint on Θ ensures gauge invariance. We also
identified the SO(9) gauging that originates from a warped sphere reduction of IIA
supergravity.
The construction of the gauged d = 2 maximal supergravities is not yet complete.
The fermionic correction to the Lagrangian and the modified supersymmetry rules
of the gauged theory still need to be calculated. In order to do so one has to work
out the irreducible representation of the T -tensor, i.e. the branching of the basic
representation of E9(9) under K(E9). The fermionic mass matrices are contained in
the T -tensor as finite dimensional irreducible K(E9) components. Once these are
determined the scalar potential is fixed as well.
Another interesting question for these d = 2 theories concerns the bosonic La-
grangian which we have presented. Analogous to the choice of a symplectic frame
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in d = 4 there should be different d = 2 Lagrangians for different “scalar frames”.
We mentioned already that such a “scalar frame” can be defined by the gauge fix-
ing of the E9(9)/K(E9) coset representative Vˆ. We always worked in the so-called
Breitenlohner-Maison gauge, but it would be interesting to identify the general data
that define a particular gauge fixing and to work out the Lagrangian for the generic
case. Analogous to the d = 4 theories we would then expect that for any particular
gauging, i.e. for any particular embedding tensor, there exists a natural scalar gauge
fixing which is closely related to the higher-dimensional origin of the respective
theory. It would be of great interest to study these questions in the future.
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Appendix A
Dimensional reduction of the
embedding tensor of maximal
supergravity
A torus reduction of a gauged supergravity yields a lower-dimensional gauged super-
gravity with the same number of supercharges. Therefore the higher-dimensional
embedding tensor has to be contained in the lower-dimensional one. In this ap-
pendix we consider the maximal supergravities and show how the d+1-dimensional
embedding tensor is contained in the d dimensional one. Step by step this yields the
higher-dimensional linear constraint as a consequence of the three-dimensional one.
We start with the reduction from d = 7 to d = 6. From a circle reduction
one naively expects the symmetry group R+ × SL(5), i.e. the product of the seven-
dimensional symmetry group and the circle rescalings. The actual d = 6 symmetry
algebra decomposes under this group as
so(5, 5)→ 10 ⊕ sl(5)0 ⊕ 10+4 ⊕ 10−4 , (A.1)
where the subscripts indicate theR+ charges and 10 is theR
+ generator. We already
gave this decomposition in figure 2.4, but the R+ × SL(5) has a different physical
meaning now1. The 10+4 generator in the d = 6 symmetry algebra originates from
the gauge symmetry of the d = 7 vector fields, analogous to equation (2.23) in
section 2.2. The additional dual generators 10−4 appear as an enhancement of the
symmetry and have no ancestors in d = 7. Similarly we can trace back the origin of
the six-dimensional vector fields, which transform in the representation 16s under
SO(5, 5) and branch under R+ × SL(5) as
16s → 1−5 ⊕ 10−1 ⊕ 5+3 . (A.2)
The singlet in this decomposition is the Kaluza-Klein vector field from the metric,
the 10−1 are the d = 7 vector fields and the 5+3 are vector fields that originate from
1We also use different conventions for the R+ charges now.
125
the seven-dimensional two-forms. Therefore it is clear that the only six-dimensional
couplings from the vector fields to the symmetry generators that can already be
present in d = 7 are those that couple the vector fields 10−1 and 5+3 to the symmetry
generators sl(5)0 and 10+4, since all other couplings do involve vector fields or
symmetry generators that are not yet present in d = 7.2.
Under R+ × SL(5) the embedding tensor decomposes as
144s → 24+5 ⊕ 10+1 ⊕ 15+1 ⊕ 40+1 ⊕ 5−3 ⊕ 45−3 ⊕ 5−7 . (A.3)
In table A.1 we specify which of these irreducible components couple which vector
fields to which symmetry generators. A box is set around those couplings that could
already be present in d = 7. The table shows that only the components 15+1 and
40+1 of the embedding tensor are allowed in d = 7, since all other components also
appear outside the box. Since the 15+1 and 40+1 do couple the d = 7 vector fields
10−1 to the d = 7 symmetry generators sl(5)0 = 240, they constitute the embedding
tensor in d = 7, as already stated in table 3.1 of the last section. In addition, the
40+1 component also couples the 5+3 vector fields to the 10+4 symmetry generators,
which in d = 7 is a coupling from the two-form gauge fields to the gauge-symmetry
of the vector-fields. We did indeed introduce couplings of this kind in the section
3.2 and found them necessary for gauge invariance.
vector fields
1−5 10−1 5+3
sy
m
m
et
ry
ge
n
er
at
or
s
10+4 — 24+5 10+1 ⊕ 40+1
240 24+5 10+1 ⊕ 15+1 ⊕ 40+1 5−3 ⊕ 45−3
10 — 10+1 5−3
10−4 10+1 5−3 ⊕ 45−3 5−7
Table A.1: The d = 6 couplings of the vector fields to the symmetry generators are
decomposed under the d = 7 symmetry group SL(5).
The same argument as we just used to find the d = 7 linear constraint from
the one in d = 6 can be applied to the other dimensions as well, and the necessary
decompositions of the embedding tensors are given in table A.2 to A.5 for 3 ≤ d ≤ 7.
The analogous reduction from d = 3 to d = 2 will be discussed in chapter 7. One
finds that the vector fields in d dimensions always decompose into the Kaluza-Klein
vector, vector fields from d+1 dimensions, two-form fields from d+1 dimensions and
2Of course, the Kaluza Klein vector field and the circle rescalings do exist in d = 7 as part of the
metric and of general coordinate transformations, but one could not couple them without breaking
Lorentz invariance. Note that also couplings from the 10−1 vector fields to the 10+4 symmetry
generators and from the 5+3 vector fields to the sl(5)0 symmetry generators would break Lorenz
invariance in d = 7, but we will find those couplings to be excluded anyway.
126
APPENDIX A. DIMENSIONAL REDUCTION OF THE EMBEDDING TENSOR
for d ≤ 4 also additional vector fields from dualization appear. The decomposition
of the symmetry generators is always analogous to the d = 6 case we discussed,
but for d = 3 one has an additional singlet 1+2, which is the shift-symmetry of the
scalar dual to the Kaluza-Klein vector, and via symmetry enhancement also the dual
generator 1−2 appears. In all cases we have a similar 2 × 2 box of couplings that
could already be present in d+ 1 dimensions, and one can easily check consistency
with the linear constraints given in table 3.1.
Those components in the decomposition of the d dimensional embedding tensors
that do not originate from the d + 1 dimensional embedding tensor can still have
a well defined origin in generalized dimensional reduction. For example a Scherk-
Schwarz reduction is always possible if the theory that is reduced possesses a global
symmetry G0, i.e. if all fields, and in particular the scalars V transform in some
representation of G0 [107]. One then chooses a symmetry generator Z = Z
αtα and
demands all fields to have a particular dependence on the internal coordinate y,
namely
∂
∂y
V = Z V , (A.4)
and similarly for the non-scalar fields. In the lower dimensional theory the Kaluza-
Klein vector then couples as a gauge field to the symmetry generator Z. Looking at
the table A.2 to A.5 one finds the component of embedding tensor with the highest
R
+ charge always to be in the adjoint representation of the d+ 1 dimensional sym-
metry group G0. It couples the Kaluza-Klein vector field to a symmetry generators
of G0. Therefore, this component corresponds to the Scherk-Schwarz generator Z.
Tables A.2 to A.5 also give the remaining gauge couplings that result from this
reduction. Note that the quadratic constraint on the embedding tensor is satisfied
automatically if only the Scherk-Schwarz generator Z is switched on.
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vector fields
1−2 56−1 1330 10 56+1 1+2
sy
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ge
n
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s
1+2 — — 133+2 — 56+1 10
56+1 — 133+2 56+1 ⊕ 912+1 56+1 10⊕1330⊕15390 56−1
1330 133+2 56+1 ⊕ 912+1 10⊕1330⊕15390 1330 56−1 ⊕ 912−1 133−2
10 — 56+1 1330 10 56−1 —
56−1 56+1
10⊕1330
⊕15390 56−1 ⊕ 912−1 56−1 133−2 —
1−2 10 56−1 133−2 — — —
Table A.2: The d = 3 couplings of the vector fields to the symmetry generators are
decomposed under the d = 4 symmetry group E7(7). The two components of the embedding
tensor branch as 1 → 10 and 3875 → 133+2 ⊕ 56+1 ⊕ 912+1 ⊕ 10 ⊕ 1330 ⊕ 15390 ⊕
912−1 ⊕ 56−1 ⊕ 133−2 and most of these components appear several times in the table.
The subscripts indicate the charges under rescalings of the internal circle, i.e. under the
symmetry generator 10. Only couplings in the box can originate from d = 4 gaugings.
vector fields
1−3 27−1 27+1 1+3
sy
m
m
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ry
ge
n
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s
27+2 — 78+3 27+1 ⊕ 351+1 27−1
780 78+3 27+1 ⊕ 351+1 27−1 ⊕ 351−1 78−3
10 — 27+1 27−1 —
27−2 27+1 27−1 ⊕ 351−1 78−3 —
Table A.3: Like table A.2, but for the d = 4 couplings under the d = 5 symmetry group
E6(6). The embedding tensor branches as 912→ 78+3⊕ 27+1⊕351+1⊕351−1⊕27−1⊕
78−3.
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vector fields
1−4 16s,−1 10+2
sy
m
m
et
ry
ge
n
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or
s
16s,+3 — 45+4 16c,+1 ⊕ 144+1
450 45+4 16c,+1 ⊕ 144+1 10−2 ⊕ 120−2
10 — 16c,+1 10−2
16c,−3 16c,+1 10−2 ⊕ 120−2 16s,−5
Table A.4: Like table A.2, but for the d = 5 couplings under the d = 6 symmetry group
SO(5, 5). The embedding tensor branches as 351 → 45+4 ⊕ 16c,+1 ⊕ 144+1 ⊕ 120−2 ⊕
10−2 ⊕ 16s,−5.
vector fields
(1, 1)−6 (2, 3)−1 (1, 3)+4
sy
m
m
et
ry
ge
n
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or
s
(2, 3)+5 — (3, 1)+6 ⊕ (1, 8)+6 (2, 3)+1 ⊕ (2, 6)+1
(3, 1)0 (3, 1)+6 (2, 3)+1 (3, 3)−4
(1, 8)0 (1, 8)+6 (2, 3)+1 ⊕ (2, 6)+1 (1, 6)−4 ⊕ (1, 3)−4
(1, 1)0 — (2, 3)+1 (1, 3)−4
(2, 3)−5 (2, 3)+1 (1, 6)−4 ⊕ (3, 3)−4 (2, 1)−9
Table A.5: Like table A.2, but for the d = 7 couplings under the d = 8 symmetry group
SL(2)× SL(3). The two components of the embedding tensor branch as 15→ (3,1)+6 ⊕
(2,3)+1⊕ (1,6)−4 and 40→ (1,8)+6⊕ (2,3)+1⊕ (2,6)+1⊕ (1,3)−4⊕ (3,3)−4⊕ (2,1)−9,
and the two (2,3)+1 components appear in different linear combinations.
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Appendix B
Gauged half-maximal
supergravities in d = 3
The general gauged half-maximal supergravity in D = 3 was given in [25, 31]. Here
we shortly describe the underlying group theory and the tensors that parameterize
the gauging. We then give the fermion shift matrices and the scalar potential in the
same form as it was given for the four and five dimensional theories in chapter 4
and 5. Finally we describe the embedding of the four dimensional gaugings into the
three dimensional ones. This relation is necessary in order to calculate the four and
five dimensional scalar potentials from the known three dimensional one.
B.1 General gauging, scalar potential and fermion
shift matrices
The global symmetry group of the ungauged theory is G = SO(8, n), where n again
counts the number of vector multiplets. The vector fields Aµ
MN = Aµ
[MN ] transform
in the adjoint representation of G. Here M,N = 1, . . . , 8 + n are SO(8, n) vector
indices. The general gauging is parameterized by the two real tensors λMNPQ =
λ[MNPQ] and λMN = λ(MN), with η
MNλMN = 0, and one real scalar λ. Together
they constitute the embedding tensor
ΘMNPQ = λMNPQ + λ[P [M ηN ]Q] + λ ηP [M ηN ]Q , (B.1)
which enters into the covariant derivative
Dµ = ∂µ −AµMNΘMNPQtPQ . (B.2)
Due to the above definition the embedding tensor automatically satisfies the linear
constraint
ΘMN PQ = ΘPQMN . (B.3)
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In addition it has to satisfy the quadratic constraint
ΘMNT
VΘPQV
U −ΘPQTVΘMNV U = ΘMN [P VΘQ]V T U , (B.4)
which may be written as a constraint on λMNPQ, λMN and λ.
The scalars of the theory form the coset SO(8, n)/SO(8) × SO(n) and in the
following we use the same conventions and notations as for the SO(6, n)/SO(6) ×
SO(n) coset in four dimension, in particular we again have
MMN = VMaVNa + VMmVNm , ηMN = VMaVNa − VMmVNm , (B.5)
where now a = 1, . . . , n and m = 1, . . . , 8. In addition we need the scalar dependent
object
MMNPQRSTU = ǫmnopqrstVMmVNnVP oVQpVRqVSrVT sVU t . (B.6)
The scalar potential then takes the form
V = − 1
24
[
λMNPQλRSTU
(
− 1
2
MMRMNSMPTMQU + 3MMRMNSηPTηQU
− 4MMRηNSηPTηQU + 3
2
MMRηNSηPTηQU + 1
3
MMNPQRSTU
)
+ λMNλPQ
(−3
2
MMPMNQ + 3
2
ηMPηNQ + 3
4
MMNMPQ
)
+ 192λ2 − 24 λ λMNMMN
]
. (B.7)
Although written differently, this is the same potential as given in [25].
The maximal compact subgroup of G is H = SO(8) × SO(n). All the fermions
and the fermion shift matrices A1 and A2 transform under H . Let A, A˙ = 1, . . . , 8
be (conjugate) SO(8) spinor indices. The Gamma-matrices of SO(8) satisfy
Γ
(m
AA˙
Γ
n)
BA˙
= δmnδAB , Γ
mn
AB ≡ Γ[mAA˙Γ
n]
BA˙
. (B.8)
Then the fermion shift matrices A1 and A2 are defined through the so-called T -tensor
as follows [25]
TABCD =
1
16
ΓABmnΓ
CD
op VMmVNnVP oVQpΘMN PQ ,
TABma =
1
4
ΓABop VMoVNpVPmVQaΘMN PQ ,
AAB1 = −
8
3
TAC BC +
4
21
δABTCDCD ,
AAB2 ma = 2T
AB
ma − 2
3
ΓC(Amn T
B)C
na − 1
21
δABΓCDmnT
CD
na . (B.9)
The quadratic constraint (B.4) guarantees that A1 and A2 satisfy
AAC1 A
BC
1 − AAC2 maABC2 ma = −
1
128
δABV , (B.10)
with the scalar potential V appearing on the right hand side.
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B.2 From d = 4 to d = 3
Performing a circle reduction of four dimensional N = 4 supergravity with n vector
multiplets yields a three dimensionalN = 8 supergravity with n+2 vector multiplets.
The embedding of the global symmetry groups is given by
SO(8, n+ 2) ⊃ SO(2, 2)× SO(6, n) ⊃ SL(2)× SO(6, n) , (B.11)
where the SL(2) is just one of the factors in SO(2, 2) = SL(2)× SL(2). Accordingly
we split the fundamental representation of SO(8, n + 2) as vM˜ = (vM , vxα) where
α = 1, 2 and x = 1, 2. Note that the SO(8, n + 2) vector index is denoted by M˜ ,
while M is an SO(6, n) vector index. The SO(2, 2) metric is given by
ηxα yβ = ǫxyǫαβ , which yields ηxα yβη
yβ zγ = δzγxα . (B.12)
The SL(2) generators t(αβ), t(xy) and the SO(2, 2) generators txα yβ = tyβ xα are related
as follows
txα yβ = −1
2
(ǫαβtxy + ǫxytαβ) , (B.13)
where we use the conventions (tMN )PQ = δQ[MηN ]P for the SO(2, 2) generators (M =
xα). The embedding of the D = 4 vector fields into the D = 3 ones is then given by
AMαµ = A
M 1α
µ , (B.14)
where AM 1αµ denotes the corresponding components of the D = 3 vector fields
AM˜N˜µ = A
[M˜N˜ ]
µ . Analogous to the reduction from D = 5 to D = 4 described in
section 5.4, now the covariant derivatives in D = 4 and D = 3 have to agree for
those terms already present in D = 4, i.e.
Dµ ⊃ ∂µ − 2AM 1αµ ΘM 1αNP tNP + AM 1αµ ΘM 1αxβ yγ ǫxy tβγ
= ∂µ −AµMαΘMαNP tNP − AµMαΘMαβγtβγ . (B.15)
This yields
λ1αMNP = − 12 fαMNP , λM 1αxβ yγǫxy = 12 ǫα(γξβ)M , λ1αM = ξαM , (B.16)
while we demand the other components of λM˜N˜P˜ Q˜ and λM˜N˜ to vanish and also
λ = 0. However, the antisymmetry of λM˜N˜P˜ Q˜ and the symmetry of λM˜N˜ has to be
imposed, for example
λM zαxβ yγ = λ˜M [{zα} {xβ} {yγ}] , λ˜M zαxβ yγ = 12 δ
1
zǫxyǫα(γξβ)M . (B.17)
We have thus defined the embedding of the four dimensional gaugings into the three
dimensional ones. The quadratic constraint (B.4) in D = 3 is satisfied iff the D = 4
quadratic constraint (4.4) is satisfied. The D = 3 scalar potential (B.7) reduces to
the D = 4 potential (4.25) when all D = 3 extra scalars are set to the origin.
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Appendix C
The T -tensor of maximal d = 7
supergravity
C.1 USp(4) invariant tensors
In this appendix we introduce a number of USp(4) invariant tensors which explicitly
describe the projection of USp(4) tensor products onto their irreducible compo-
nents and derive some relations between them. All of these tensors are constructed
from the invariant symplectic form Ωab and the relations that they satisfy can be
straightforwardly derived form the properties of Ωab. We have used these tensors
extensively in the course of our calculations, while the final results in the main text
are formulated explicitly in terms of Ωab.
We label the fundamental representation of USp(4) by indices a, b, . . . running
from 1 to 4. The lowest bosonic representations of USp(4) have been collected
in (6.20) built in terms of the fundamental representation. In particular, the 5
representation is given by an antisymmetric symplectic traceless tensor V5
[ab], objects
in the 10 are described by a symmetric tensor V10
(ab), etc.
On the 5 and 10 representation of USp(4) there are nondegenerate symmetric
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forms given by
δ[ab][cd] = −Ωa[cΩd]b − 1
4
ΩabΩcd ,
δ[ab][cd] =
(
δ[ab][cd]
)∗
= −Ωa[cΩd]b − 1
4
ΩabΩcd ,
δ
[ab]
[cd] = δ
[a
[c δ
b]
d] −
1
4
ΩcdΩ
ab = δabcd −
1
4
ΩcdΩ
ab ,
δ(ab)(cd) =
(
δ(ab)(cd)
)∗
= −Ωa(cΩd)b ,
δ(ab)(cd) = −Ωa(cΩd)b ,
δ
(ab)
(cd) = δ
(a
(c δ
b)
d) . (C.1)
Note that δ[ab][cd] is the inverse of δ[ab][cd], i.e.
δ[ab][cd]δ
[cd][ef ] = δ
[ef ]
[ab] , (C.2)
and the same is true for δ(ab)(cd) and δ(ab)(cd). Furthermore we have
Ωabδ[ac][bd] =
5
4
Ωcd , δ
[bc]
[ac] =
5
4
δba , δ
[ab]
[ab] = 5 ,
Ωabδ(ac)(bd) =
5
2
Ωcd , δ
(bc)
(ac) =
5
2
δba , δ
(ab)
(ab) = 10 . (C.3)
We use the index pairs (ab) and [ab] as composite indices for the 5 and 10 representa-
tion; they are raised and lowered using the above metrics and when having several of
them we use the usual bracket notation for symmetrization and anti-symmetrization.
The following tensors represent some projections onto the irreducible components
of particular USp(4) representations:
τ(ab)(cd)(ef) = Ω(e(aΩb)(cΩd)f) , [(10⊗ 10)asymm. 7→ 10] ,
τ(ab)[cd][ef ] = Ω(a[cΩd][eΩf ]b) , [(5⊗ 5)asymm. 7→ 10] ,
τ[ab](cd)(ef) = Ω[a(cΩd)(eΩf)b] − 1
4
Ωabδ(cd)(ef) , [(10⊗ 10)symm. 7→ 5] ,
τ(ab)[cd][ef ][gh] = τˆ(ab) [[cd][ef ][gh]] , [(5⊗ 5⊗ 5)asymm. 7→ 10] , (C.4)
where
τˆ(ab)[cd][ef ][gh] = Ω(a[cΩd][eΩf ][gΩh]b) +
1
4
τ(ab)[cd][ef ]Ωgh . (C.5)
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The contractions of these τ -tensors with Ω yield
Ωdf τ(ab)(cd)(ef) = −3
2
δ(ab)(ce) ,
Ωdfτ(ab)[cd][ef ] =
1
2
δ(ab)(ce) , Ω
bdτ(ab)[cd][ef ] = −δ[ac][ef ] ,
Ωdf τ[ab](cd)(ef) = −3
2
δ[ab][ce] , Ω
bdτ[ab](cd)(ef) =
3
4
δ(ac)(ef) ,
Ωfhτ(ab)[cd][ef ][gh] =
1
2
τ[cd](ab)(ef) , Ω
bdτ(ab)[cd][ef ][gh] = −3
4
τ(ac)[ef ][gh] ,
ΩdgΩfhτ(ab)[cd][ef ][gh] =
3
8
δ(ab)(ce) . (C.6)
Note that τ(ab)(cd)(ef) is totally antisymmetric in the three index pairs. Since the 10
is the adjoint representation, the structure constants of USp(4) are τ(ab)(cd)
(ef). The
USp(4) generators in the 5 representation are τ(ab)[cd]
[ef ] and satisfy the algebra
τ(ab)[ef ]
[gh]τ(cd)[gh]
[ij] − τ(cd)[ef ][gh]τ(ab)[gh][ij] = τ(ab)(cd)(gh)τ(gh)[ef ][ij] . (C.7)
As defined above, τ(ab)[cd][ef ] describes the mapping (5 ⊗ 5)asymm. 7→ 10. However
since (5⊗ 5)asymm. = 10 this must be a bijection. Indeed one finds
x(ab) =
√
2 τ(ab)
[cd][ef ] x[cd][ef ] = Ω
cd x[ac][bd] ⇔ x[cd][ef ] =
√
2 τ (ab)[cd][ef ] x(ab) ,
(C.8)
for tensors x(ab) and x[ac][bd] = −x[bd][ac]. When regarding (5 ⊗ 5)asymm. as the ad-
joint representation of SO(5), formula (C.8) describes the isomorphism between the
algebras of USp(4) and SO(5). Some other useful relations in this context are
τ(ab)[cd][ef ] τ
(ab)
[gh][ij] =
1
2
δ[cd] [[gh]δ[ij]] [ef ] , Ω
bd δ[ef ] [[ab]δ
[gh]
[cd]] = τ(ac)[ef ]
[gh] . (C.9)
The last equation states that under the bijection (C.8) the generators of the SO(5)
vector representation1 yield τ(ab)[cd]
[ef ].
Also the five-dimensional ǫ-tensor can be expressed in terms of Ωab. A useful
relation is
ǫ[ab][cd][ef ][gh][ij]x[cd][ef ]y[gh][ij] = 4τ
[ab](cd)(ef)x(cd)y(ef) , (C.10)
where x and y in the (5⊗ 5)asymm. = 10 representation are related by (C.8).
There is no singlet in the product of three SO(5) vectors and thus no invariant
tensor of the form τ[ab][cd][ef ]. This gives rise to the identity
0 = δ
[a
[cΩd][eδ
b]
f ] − traces
= δ
[a
[cΩd][eδ
b]
f ] +
1
4
Ωabη[cd][ef ] +
1
4
Ωcdδ
[ab]
[ef ] +
1
4
Ωefδ
[ab]
[cd] +
1
16
ΩijΩklΩmn . (C.11)
1 When denoting SO(5) vector indices by M , N , . . . , the SO(5) generators in the vector
representation are given by tMN,P
Q = δ
P [Mδ
Q
N ].
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Using this equation one finds
Ωcdλc[aµb]d = −1
4
Ωabη
[cd][ef ]λ[cd]µ[ef ] , Ω
cdλ[ac]λ[bd] =
1
4
Ωabη
[cd][ef ]λ[cd]λ[ef ] , (C.12)
for tensors λ[ab], µ[ab] in the 5 representation.
C.2 T -tensor and quadratic constraints
In terms of the tensors (C.4) defined in the previous section the decomposition of
the T -tensor of d = 7 maximal supergravity into its USp(4) irreducible components
can be stated in the systematic form
T(ab)[cd]
[ef ] =
√
2 ΩghX[ag][bh][cd]
[ef ]
= −Bτ(ab)[cd][ef ] −B[gh][cd]τ(ab)[gh][ef ] + C [gh]τ(ab)[gh][cd][ef ] + C [ef ](gh)τ[cd](ab)(gh) ,
(C.13)
from which (6.38) is recovered with the explicit definitions of (C.4). Similarly, the
variation of the scalar potential under δΣVMab = Σabcd VMcd takes the more concise
form
δΣV = −g
2
16
B[ab][cd]B
[cd]
[ef ]Σ
[ef ]
[ab] +
g2
32
BB[ab][cd]Σ
[cd]
[ab] − g
2
64
C [ab]C[cd]Σ
[cd]
[ab]
+
g2
16
C [ab](ef)C[cd]
(ef)Σ[cd][ab] +
g2
8
τ (ab)[ef ][ij]τ
(cd)
[gh][kl]C
[gh]
(ab)C
[ef ](cd)Σ[ij][kl] ,
(C.14)
from which (6.64) is deduced.
The quadratic constraint (6.4) on the components YMN and Z
MN,P of the em-
bedding tensor Θ translates under the USp(4) split into quadratic constraints on
the components B, Babcd, C
ab and Cabcd of the T -tensor. These constraints prove
essential when checking the algebra of the supersymmetry transformation (6.54) and
the invariance of the Lagrangian (6.61) under these transformations. According to
(6.8) the quadratic constraint on Θ decomposes into a 5, a 45 and a 70 under SL(5)
which under USp(4) branch as
5 → 5 , 45 → 10⊕ 35 , 70 → 5⊕ 30⊕ 35 , (C.15)
In closed form, these constraints have been given in (6.44). The check of supersym-
metry of the Lagrangian however needs the explicit expansion of these equations in
terms of B and C. The two 5 parts and the 10 part read
4BC [ab] − B[ab][cd]C [cd] − 4B[ij][cd]C [cd](gh)τ (gh)[ab][ij] = 0 ,
BB[ab] +B[ab][cd]C
[cd] + τ [ab](cd)(ef)C [gh](cd)C[gh](ef) = 0 ,
τ[cd]
(ab)(gh)B[cd][ef ]C
[ef ]
(gh) = 0 , (C.16)
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respectively. In particular, a proper linear combination of the first two equations
yields the quadratic relation (6.62) cited in the main text. The two 35 parts of the
quadratic constraint are
τ(cd)
[ab][ef ]BC[ef ] +BC
[ab]
(cd) + τ(cd)
[ef ][gh]B[ab][ef ]C[gh] +B
[ab]
[ef ]C
[ef ]
(gh) = 0 ,
P35
(
BC [ab](cd) − 4τ (ef)[gh][ab]τ(cd)[ij][kl]C [ij](ef)B[kl][gh]
−3τ[ef ](cd)(gh)C [ef ]C [ab](gh) + 4τ (ef)[ab][gh]τ[ij](cd)(kl)C [ij](ef)C [gh](kl)
)
= 0 ,
(C.17)
where the projector P35 is defined by
P35
(
X [ab](cd)
)
=
(
δ
[ab]
[ef ]δ
(gh)
(cd) − τ(cd)[ab][ij]τ (gh)[ef ][ij] −
4
3
τ [ab](cd)(ij)τ[ef ]
(gh)(ij)
)
X [ef ](gh) .
(C.18)
Note that also the first equation of (C.17) has to be projected with P35 in order to
reduce it to a single irreducible part. However this equation is satisfied also without
the projection, since it contains the above 10 and one of the 5 constraints as well.2
Finally the 30 component of the quadratic constraint is obtained by completely
symmetrizing (6.44) in the three free index pairs, i.e.
Z(gh)([ab]T(gh)
[cd][ef ]) = 0 . (C.19)
2 Indeed this first equation of (C.17) is equivalent to (6.43).
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